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Abstract

All known simulations of quantum electronic systems on classical computers
require resources that scale exponentially with the number of electrons. Quantum
computers offer a computationally-efficient alternative. Various algorithms have
been developed to attempt to solve for the ground state energy of a molecule on
quantum computers, both in mapping the problem to quantum computers and in
solving the problem using quantum simulation. In this thesis, we simulate the hy-
drogen molecule on the open-access quantum computers built by IBM and Rigetti
using the phase estimation algorithm (PEA). We demonstrate the limitations of
current quantum computers for making useful quantum chemistry simulations
using PEA and provide a framework for testing open source quantum computers

as their technology improves over time.
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Chapter 1

Introduction

1.1 Background

Since their first proposal from Feynman in the 1980s [5], quantum computers
have grown from a theoretical imagination to a physical reality, engaging the inter-
est of commercial companies and academics all over the world. Quantum theory is
our best explanation for how nature behaves at the atomic level and gives results
that are often not intuitive. Nevertheless, exploiting the principles of quantum
mechanics has allowed for the conception of a new framework that can solve at
least some problems much more efficiently than a classical computer. One such
application is quantum chemistry [1} 9, 5, 4]. Simulating the ground state ener-
gies of molecules has great predictive properties for chemistry research, but this
task becomes exponentially more difficult as the size of molecules increases (the
state space doubles for each added electron). Even the largest supercomputers will
struggle to compute electronic structure of systems larger than fifty qubits, while

quantum computers can simulate electronic structure in polynomial time [1} 17].



1.2 Overview

The simulation of molecules on quantum computers has two important com-
ponents. First, the problem must be mapped to an analogous problem that can
be implemented on a quantum computer. Specifically, the Hamiltonian operator
must be transformed to a so-called ”"qubit operator”. Three main mappings have
been developed: (1) the Jordan-Wigner transformation [7,[12], (2) the Bravyi-Kitaev
transformation [2,12, 6], and (3) the Bravyi-Kitaev Superfast transformation [2} [13]].
Given a qubit operator generated from one of the three mappings, several tech-
niques exists to find the ground state eigenvalue of such an operator. Two main
methods are (1) the Phase Estimation Algorithm (PEA) and its variants [3] and (2)
the Variational Quantum Eigensolver (VQE) [11]].

In recent years, several private companies have endeavored to build working
quantum computers. Google, IBM, and Rigetti have all made progress using su-
perconducting qubits. IBM has successfully simulated BeH, using a VQE [8]. IBM
and Rigetti offer public access to their computers. Using their respective applica-
tion programming interfaces (API), we simulate minimal basis H, using a variant
of PEA on both IBM and Rigetti’s quantum computers as a way to benchmark early

stage efforts to do quantum simulation with quantum computers.

1.2 Overview

Chapter 2| describes the fundamentals of quantum computation and informa-
tion. It then describes the electronic structure problem and the second quantization
formalism that is particularly useful for mapping to quantum computers. Chapter
describes the process for mapping the electron structure problem so that it can

be solved on quantum computers. We describe briefly the Jordan-Wigner transfor-
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1.2 Overview

mation and offer some intuition of the Bravyi-Kitaev transformation.

Chapter 4| describes how the phase estimation algorithm (PEA) can be used to
estimate the eigenvalue of an operator. We describe the quantum fourier trans-
form, an important tool for PEA. We also describe how qubit Hamiltonians can
be implemented in PEA by using making a trotter approximation of the time-
evolution operator U = e~ *#*. Finally, we describe how phase estimation can
be implemented iteratively to minimize the resource requirements: the iterative
phase estimation algorithm (IPEA).

Chapter |5 describes our tests performed on two quantum computers: IBM’s
IBMQX4 and Rigetti’'s Acorn. We test a few simple gates, as well as perform a
simulation of minimal-basis hydrogen on both machines. We use these results to

make some comparison tests of the two machines to understand both the error of

multi-qubit gates and overall coherence times.



Chapter 2

Simulating Electronic Structure on

Quantum Computers

2.1 Quantum Fundamentals

Quantum theory has the following properties:

1. The state of a closed quantum system can be described entirely by its wave
function ¢ in a Hilbert space. Wave functions obey the principle of superposi-
tion, so 1 can be represented as a linear combination of other wave functions:
) = Ziial cn®n, Where {¢, } is a set of orthonormal basis functions that span

the Hilbert space.

2. Observable quantities take the form of Hermitian operators, such as the Hamil-
tonian H. When one makes a measurement of an observable (such as energy),
the system collapses into one of its eigenstates and the associated eigenvalue

is measured. If {¢,} are the eigenfunctions of the Hamiltonian operator H



2.2 Quantum Information

with associated eigenvalues {£,}, the probability of measuring each eigen-

value are |c,|?.

3. The wave function must satisfy Schrodinger’s eigenvalue equation Hi) = E)

and solutions evolve in time through the unitary evolution operator |¢)) =

e~ ahy).

4. Wave functions that represent a multiple indistinguishable particles must
obey symmetry requirements. States that represent bosons must be symmet-

ric, while states that represent fermions must be antisymmetric.

2.2 Quantum Information

The simplest quantum system can be described by a two-dimensional Hilbert
space, which is equivalent to C%. As such, this simple system is called a qubit.
Though the state of a qubit can be represented with respect to an infinite number

of bases, three common ones are used:

1. Computational Basis-This is the standard basis used in quantum computation

for the qubit Hilbert space. The states are labeled |0) and |1).
2. X Basis-This is the basis |+) = 7(|0) + [1)) and |-) = 5(|0) — [1))
3. Y Basis-This is the basis [i) = 7(]0) +4[1)) and |—i) = 5(|0) —i[1))

The general state space of a qubit, represented with respect to the Z-basis is

) = cos() |0) + € sin(6) |1) (2.1)



2.2 Quantum Information

A useful visualization of the state space of a qubit is the Bloch sphere, which

projects the complex vector space onto a three dimensional unit sphere. Physi-

11)

Figure 2.1: The state space of a qubit.

cal manifestations of a qubit can be anything from the path splitting of a single
photon or a superconducting Josephson junction that exhibits quantum effects. Re-
gardless, any physical qubit must exhibit the property of superposition: that when
measurements are made on identically prepared systems, the measured state will
be achieved with a certain probability, described by the qubit’s state [¢)).

Systems composed of multiple qubits can be described by a 2¥-dimensional
Hilbert space, where N is the number of qubits. As an example, the state space of

two un-entangled qubits is

) = |¥a) ® |¢p) (2.2)

where ® is the tensor product of two independent Hilbert spaces. The computa-
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2.2 Quantum Information

tional basis set of this composite system is

|00) = |0,) @ |0p)
|01) = [04) ® |1,)
110) = [14) ® |0p)

111) = |1,) ® [1p) .

The tensor product expands the space by a factor of two for each added qubit, mak-
ing the state space scale exponentially with the number of qubits. Hence, the prob-
lem of simulating the effect of an IV qubit system with classical resources scales
exponentially with the number of qubits.

An important feature of quantum bits is their distinguishability. Useful ma-
nipulation of the state space of quantum systems for computational purposes re-
lies on the ability to take a measure the state of a particular qubit. This property
of quantum computers opposes that of molecules for instance, where each elec-
tron is indistinguishable from all the others. The indistinguishability of electrons
in molecules leads to the antisymmetry requirement for molecular states, which
again stands in contrast to the states of quantum computers.

Entanglement is an important property of quantum mechanics that makes quan-

tum information so useful. Consider the state

1

[¥) 7

(100) + |11)) (2.3)

Upon measuring qubit one, the state of qubit one will collapse into either the |0)

or |1) state. Such a collapse, however, also seemingly collapses the second qubit



2.2 Quantum Information

into the same state as qubit one, with a 1/2 probability of getting each outcome.
Entanglement describes, in a sense, the way the states of two qubits are correlated.
Each time measuring qubit one gives |0), the result of measuring qubit two will
always give |0) as well. However, such a property extends beyond the classical
notion of entanglement.

Suppose we have a group of people, all of who either have brown hair and
brown eyes or blonde hair and blue eyes. Each person can represent a classical
system in which the first classical bit represents the color of the person’s hair (0 for
brown, 1 for blonde) and the second classical bit represents the color of the person’s
eyes (0 for brown, 1 for blue). Each system exists in either the state 00 or the state
11. In this figurative sample, the state of the two bits (representing physical fea-
tures) are perfectly correlated. However, entanglement says something stronger.
To represent an entangled state, a person would need to exist as a superposition
of "blonde hair, blue eyes” and “brown hair, brown eyes”. Classically speaking,
such a description does not make sense. Quantum theory allows for this further
requirement: that making a measurement of one qubit gives instant knowledge of
the state of the other qubit where previously uncertainty existed. In that sense,
entanglement is a unique feature of quantum mechanics that somehow links in-
formation between qubits. The entanglement of bits is an essential tool for useful
manipulation of quantum information.

The circuit model of classical computation frames bits as wires, while gates act
on these wires to perform operations. Important gates in classical computation
are gates such as AND and OR, which combine the states of two bits in some use-

ful way. A complete set of gates in classical computation allows one to perform



2.2 Quantum Information

arbitrarily complex classical operations on a register (or set up bits) using a combi-
nation of gates from that elementary gate set. Quantum computation can be framed
to work in the same way[3]. Quantum computers perform operations on an array
of qubits. Unlike classical computation whose only single-bit operation is the bit
flip, the multi-dimensionality of a single qubit allows for a wide variety of differ-
ent single-qubit operations. Additionally and importantly, we need a two-qubit
gate to relate the states of different qubits together. Quantum computers use the
gate CNOT, which operates on a control qubit and a target qubit. A circuit for the

gate is shown here.

control —e—

target —p—
The CNOT gate has the following effect:

00) — |00) (2.4)
01) — [01) (2.5)
10) — [11) (2.6)
I11) — |10) (2.7)

This gate can also be called the entangling gate, because it can take certain states
from either an entangled state to an unentangled state, or vice versa. For example,

applying CNOT gate to the state

1 1
= (10) +11) ©10) =

[¥) = (100) +[10))



2.3 Electronic Structure Problem

gives

1
ﬁ (100) + |11)), (2.8)

which cannot be decomposed into the tensor product of two separate Hilbert spaces.

2.3 Electronic Structure Problem

In simplest terms, our goal in doing electronic structure calculations is to solve
the eigenvalue equation of the molecule’s time-independent Hamiltonian, Hy =

E7) [15]. The full Hamiltonian for a molecule has many terms:
1. The translational kinetic energy of the molecule itself.
2. The rotational kinetic energy of the molecule.
3. The vibrational (oscillatory) kinetic energy of the nuclei in the molecule.
4. The kinetic energy of the electrons.

5. The attractive Coulomb potential between each electron due to each nuclei.
This electronic potential may be modified to include externally applied elec-

tric fields.

6. The repulsive Coulomb potential: what electrons experience due to each

other.

As long as there is no external potential, we can assume the translational or rota-
tional motion of the molecule itself has no effect on the interaction between nuclei

and electrons internal motion. Because nuclei are much heavier than electrons, we

10



2.3 Electronic Structure Problem

can assume that the electrons are moving much faster, and hence motion of nu-
clei is fixed relative to how quickly the electrons are moving. In a similar vein,
the nuclei move much slower than the electrons, and so we can assume that they
experience an average electric field based on probability densities. This assump-
tion is the Born-Oppenheimer approximation where we assume that the final wave

function is a product of two terms, an electronic term and a nuclear term:

¢ (7“, R) ~ 2ﬂelectronic (T§ R) wnuclear (R) (29)

This is to say that the electronic part of the wave function depends on the electron
coordinates () and parametrically on the nuclear coordinates (R), while the nu-
clear wave function depends only on nuclear coordinates. Using this approxima-
tion, a molecule with N electrons and M nuclei of nuclear charge Z 4, the electronic

structure Hamiltonian can be boiled down to three terms:

H=—12v2—1i§é+zi (2.10)
2 - t9 DA STy .

where r;; = |r; —rj| and 7,4 = |r; — R4|. The first term is the kinetic energy for
each electron. The second term is the nuclear attraction for each electron at posi-
tion r; to each nucleus. The third term is the electronic repulsion. This Hamil-
tonian is specific to a certain molecular configuration defined by the positions
(Z% = [Ry, Ry, ..., Ry]) of the nuclei.

Solving the electronic structure problem (Helectronic = £ Velectronic) 18 still in-

tractable for large molecules using classical computation. The Hilbert space of this

Hamiltonian scales exponentially with the number of electrons. It is important

11



2.3 Electronic Structure Problem

to note that the interaction between electrons makes this problem difficult (scale

exponentially).

2.3.1 Hartree-Fock Procedure

Developing an approximate eigenstate requires that we make some approxi-
mation for the electron repulsion term in the electronic structure Hamiltonian. It is
these off diagonal terms which give Hamiltonian its complexity and so drastically
expand the state-space of the electronic structure problem.

The Hartree-Fock procedure assumes that all the electrons generates some mean-
tield which any given electron experiences. By making this assumption, the repul-
sion term for a given electron is only of a function of its own location. Hence, the

Hamiltonian can be written as:

H = Zh ——ZV?—%ZZ?-FVHF (2.11)

This approximation produces a series of coupled equations of the form

h(i)xi = €iXi- (2.12)

These eigenstates of the simplified one-electron Hamiltonians A(i) can be com-

bined to create an eigenstate of the Hamiltonian in equation [2.11}

[¥) = a(x)) @ [x2(x2)) @ ... @ [xn(xn)) (2.13)

12



2.3 Electronic Structure Problem

whose energy eigenvalue is

EHF =€+ €+ ... T EN. (214)

The Hartree-Fock procedure uses an iterative technique, the self-consistent field
method, to solve for the set of {x;} which minimize the energy Eyr while the
entire set remains an orthonormal basis.

We can call these eigenstates x; molecular orbitals, as they satisfy the eigen-
value equation of a single-electron Hamiltonian. Their tensor product is called a

Hartree product, can be written more simply as:

[Ymp) = [X1X2---XN) (2.15)

where the first orbital is a function of the first electron, the second orbital is a func-
tion of the second electron, etc. The Hartree product is a very rough approxima-
tion for the eigenstate of the full electronic structure problem, but provides a useful

starting point.

2.3.2 The Antisymmetry Requirement

Hartree products are not valid fermionic states because they do not account
for the indistinguishability of electrons. In the Hartree product, we assumed that
electrons are distinguishable, that we can label them 1, 2, 3, etc. and that we know
electron one is the state y;, electron two is in the state y3, etc. However, one funda-
mental axiom of quantum mechanics is that we cannot distinguish identical par-

ticles. Because electrons are fermions, we must antisymmetrize this state so that

13



2.3 Electronic Structure Problem

exchanging any two electrons produces an overall phase of -1 on the quantum
state.
We can label the coordinates for a single electron i as its three spatial coordi-

nates and a spin coordinate, which define as a coordinate vector x;:
x; = {ri,w;} (2.16)

As a first example, consider a system of two non-interacting electrons who can
occupy one of two orbitals: x; and y2. We can create two different Hartree products

for this system:

[P1) = [x1(x1)x2(%2)) = [X1X2) (2.17)

[P2) = [Xx2(x1)x1(X2)) = [X2X1) (2.18)

By inspection, we can see that an equal superposition of these two states yields an
antisymmetric wave function with respect to exchanging the electrons (x; — x

and X9 — Xl).

antiogmmetric) = % () — iba)) = % (xaxz) — xaxa)) (2.19)

This term is also equal to the determinant of the following matrix:

sy = [0 xab) (2.20)

V2I,(x1) ya(xa)

This is the Slater determinant for a two-electron system. This generalizes well to

14



2.4 Second Quantization

N-electron systems:

xi(x1) xa(x2) -0 xa(xw)
1 [xe(x1)  xo(x2) -+ xo(xw)

[vsp) :\/_ﬁ E E E (2.21)
xv(x1) xnv(x2) -0 xv(xw)

This determinant is now antisymmetric with respect to the exchanging of two elec-
tronic coordinates, equivalent to swapping two columns of the determinant. Itis a
property of determinants that changing two rows introduce a factor of —1, making

this determinant a valid antisymmetric state.

2.4 Second Quantization

The following formulation of Hamiltonians [15] serves to help us represent
states and operators in a more useful way for mapping to qubits. First we define a

creation operator, whose action on an arbitrary Slater determinant is:

al [x; k) = XX X) (2.22)

The operator acts like a tensor product in that it expands the Hilbert space by
a factor of two. Two creation operators applied in succession are applied in the

following way:

alal - xa) = al o xa) = axaxe - x) (2.23)

15



2.4 Second Quantization

Applying them in the opposite order gives:

a}al Xk X)) = IXGXaXe X)) = — XXXk Xe) (2.24)

Once the creation operators are applied, the antisymmetric nature is satisfied by
the properties of Slater determinants. The operators instead must obey antisym-

metry properties on their own. Evidently,

a}a; + a}a} = {al,al} =0 (2.25)

i g

Additionally, annihilation operators a; are the hermitian conjugate of the creation

operators and have the following effect on a slater determinant:

ai | XiXG - Xk) = X5 Xk) (2.26)

Similar to annihilation operators, the order in which two annihilation operators

are applied yields the anti-commutation relation:
a;a; + a;a; = {a,-, (Zj} =0 (227)
These operators have the additional properties:

al [xix; -+ xi) =0 (2.28)

ai|x; - xk) =0 (2.29)

16



2.4 Second Quantization

An annihilation operator cannot remove an electron that doesn’t exist nor can a
creation operator create an electron that has already been created. These states then
must map to zero. This is similar to raising in lowering operators in the quantum
harmonic oscillator, where applying the lowering operator on the ground state of
the system gives zero, implying that no eigenstate exists below the ground state.
Thus,

a;a; = alal =0 (2.30)

Now consider the operator a/a; + a;al. It is trivial that this operator will give zero
on any Slater determinant which contains the orbital x, or does not contain the
orbital x;,. However, consider the effect on the state |x;x%---x;). The first term
gives:

ala; e x) = al [xe - xi) = xaxe - x) (2.31)

The second term gives

a;al XXe - Xi) = a; XXk X)) = —a; Xk x) = — [xixk - x) (2.32)

Evidently, these terms sum to zero when i # j. This equation happens because cre-
ation and annihilation operators can only act on the orbital positioned first in the
Slater determinant. The process of exchanging two orbitals in the Slater determi-
nant yielded the antisymmetry phase factor. For the case when i = j, this operator
just returns the original state. Summarizing this result, carrying the antisymmetric

property into the second quantization formalism requires:
ala; + ajal = {al,a;} = 6 (2.33)
1] et EEad v .

17



2.4 Second Quantization

Using this formalism, we can represent Slater determinants as creation and fermion

operators acting on a reference state called the vacuum state, labeled |(2).
IXiXGXE) = aia}al |©2) (2.34)

The electronic structure Hamiltonian from equation can also be expressed

in second-quantized form as
1
H = Z hz-jazaj + 5 Z h,»jklaja;akal. (235)
ij ikl

The first term corresponds to the one-electron terms: the kinetic and potential en-
ergy of the electrons. The second term corresponds to interaction between elec-
trons. The coefficients h;; and h;j, are the one-electron and two-electron integrals

based on the chosen basis. These coefficients are pre-computed classically.

18



Chapter 3

Algorithms for Obtaining Qubit

Hamiltonians

In this chapter, we discuss the mapping of the electronic structure problem to
be solved on quantum computers. This mapping has two important components:
the mapping of fermionic states to qubit states and the mapping fermionic oper-
ators to qubit operators. Because qubits are distinguishable, their states are not
antisymmetric like fermionic states.

Fermion operators obey the commutation relation
{al,a;} = ala; + aja] = 6. (3.1)

That is, a' and a anticommute, except when they are applied to the same site, in

which case the anti-commutator is equal to the identity operator. On the other

19



3.1 Jordan-Wigner Transformation

hand, the analogous qubit operators,

QF = %(X —iY) (3.2)
A 1
Q = §(X + 1Y) (3.3)
obey the commutation relation
QF, Q5] = 6. (3.4)

Evidently, Q™ and )~ are not enough to represent the actions of operators that
have antisymmetric properties. The lack of simple congruity motivates the search
of a mapping that modifies Q* and @~ so that they do work analogously to a/ and

Q;.

3.1 Jordan-Wigner Transformation

The most straightforward mapping is the Jordan-Wigner transformation [7,[12].
In this transformation, the mapping of states is rather simple. We can formulate
Slater determinants, the standard antisymmetric state for an N-body system, in a
particular way such that the presence of an electron in a particular orbital can be
represented by a simple bit, 0 or 1. This is called the occupation number basis,

which for an arbitrary Slater determinant is given by

‘wfermion> = |f0f1--'fN>7fi € {071}7 (35)

20



3.1 Jordan-Wigner Transformation

where f; refers to the occupancy of orbital x;. All the orbitals in the chosen basis
are represented in this basis state. A state represented in the occupation number
basis is also called a Fock state. We want each orbital to be mapped to a single
qubit. We can choose the qubit state such that each qubit that represent occupied
orbitals are in the state |1) while qubits that represent vacant orbitals are in the

state |0). Thus,

[Vqubit) = [fo) @ |f1) @ ... @|fn) = |fofi-- fn)- (3.6)

Given this mapping of fermionic state to qubit state, we want operators that
act analogously to a] and a;. The creation and annihilation operators have the

following effect on the Fock state:

A\ free fiaOfpn oo far) = (CDZS R S ) (B7)
a;'|f1--'fj—11fj+1--'fM> =0 (3.8)
ajlfi-.. fi—alfjen . fu) = (—1)25;1 Tilfo. .. fi-10fjs1- - fur) (3.9)

Q; |f1 e fj_lofj_H e fM> =0 (310)

To see this, consider the Fock state |[1010) = |xox2). Applying a} gives to this state
gives:

a:Tz, Ixox2) = |x3x0x2) = — [XoX3X2) = |xox2X3) = |1011)

To utilize the occupation basis, we must rearrange orbitals such that the first po-
sition of the Fock state always represents the orbital y, etc. Since two states were

occupied with index ¢ < 3, two shifts were necessary to rearrange these orbitals.

21



3.1 Jordan-Wigner Transformation

By contrast, applying al gives:
al |xox2) = Ix1xox2) = — [xox1x2) = — [1110)

This phase that appears depending on the occupation of the orbitals is a result of
the antisymmetry property for fermionic states.

We need qubit operators that produce the equivalent effect on the qubit state.
We can understand the creation operator as a projector |1) (0|, which maps the state
|0) to the state |1). Conversely, the annihilation operator can be understood as the
projector |0) (1|, which does just the opposite. Using the elementary Pauli gates,

we can construct two operators which have such an affect:

Qt = %(X —iY) (3.11)

~

1
Q = §(X + 1Y) (3.12)
These operators indeed have the effect:

QT 10) = |1) Q™ |1) = |0) (3.13)
Q1) =0 Q=10) =0 (3.14)

However, these operators do not keep track of the overall phase factor and hence
is not yet a consistent mapping. However, adding a string of Z gates accomplishes

this task. Each qubit i < j whose state is |1) gets mapped to — |1). Hence, our

22



3.2 Bravyi-Kitaev Transformation

mapping for

al = 729 @ Qt @ V! (3.15)

a; = 79 @ Q" @ N I! (3.16)

3.2 Bravyi-Kitaev Transformation

Bravyi-Kitaev transformation is another mapping that does not use the occupa-
tion number basis to map fermionic states to qubit states [2} 12} 6]. We will suggest
a motivation for this transformation by first considering an alternative way to rep-
resent the fermionic state as a string of ones and zeros: the parity basis. In the
parity basis, the bit ¢, which refers to orbital x;, depends not just on the occupation
of orbital x; but also the occupation of all the orbitals with index j < i. If this
number is even, bit ¢ is designated zero, while if the number is odd, the bit value
is one.

As an example, consider the Fock state

[Xox2X3) = [10110) . (3.17)

In the parity basis, the first bit is one, because i = 0 is occupied. The second bit is
also one, because the total number of occupied states in « < 1 is still one. We can

proceed in the following manner to represent the state in the parity basis

[XoX2xs) = [11011) (3.18)

23



3.2 Bravyi-Kitaev Transformation

We could derive an equivalent formalism for operators that work in the parity ba-
sis, but doing so provides no computational advantage over the occupation num-
ber basis.

The difference between the two is important. The occupation number basis is
completely local, where bit 7 only depends on the occupancy of orbital x;. Alter-
natively, the parity basis is as delocalized as possible. The information about the
occupancy of bit ¢ depends on every bit j < i. The Bravyi-Kitaev basis evenly
balances these two representations, providing an alternative which is ultimately a

more efficient mapping than Jordan-Wigner.
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Chapter 4

The Phase Estimation Algorithm

As discussed in the first section, a global phase cannot be detected by mea-
surement. Therefore, when we have a qubit Hamiltonian operator / and apply it
to one of its eigenstates |¢)) (our approximate ground state), the output is just an
eigenvalue times the original eigenstate. The eigenvalue must take the form of a
global phase, which is impossible to detect from measurement. Since that alone
cannot recover the eigenvalue of an operator, another method is required. The
phase estimation algorithm does just this[3], by making use of the system register

of M qubits and a control register of N qubits. The algorithm has three main steps:

1. Perform a quantum Fourier transform (QFT) on the control register.

2. Encode the phase of the unitary operator U in the phase space of the control

register.

3. Perform an inverse QFT on the control register and measure.

A high-level circuit of the phase estimation algorithm is shown in Figure To

understand how the phase estimation works to find the ground state energy of

25



4.1 The Quantum Fourier Transform

qubit Hamiltonians, we first need to understand two preliminaries: the quantum

Fourier transform and the Trotter approximation.

0) —
0) —
0) — QFT QFTH
0) —
0) — *
) ——F— U Hu? Hu? H U2 ;

Figure 4.1: A circuit for phase estimation of a unitary gate U. Here the decimal
approximation is made to five places, so the control register has five qubits.

41 The Quantum Fourier Transform

First, it is necessary to describe the effect of the QFT. Suppose our control regis-
ter has NV qubits, with basis states |0) to |V — 1>E| The quantum Fourier transform

maps the control register basis states in the following way:

N—-1
1 .
‘]> N \/N Z 6271'1]76/N ’l{f) (41)
k=0
'Here, the basis states are labeled, where [0) = ]000...00),[1) = [000...01),]2) =

000...10) , ..., |M) = |111...11).
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4.1 The Quantum Fourier Transform

We can also define the inverse quantum Fourier transform (QFT "), The output of

the Fourier transform can also be written in the product form:

|j1, ,jn> N W |:< |0> + 627’1’10-]n ’1>> ® <|0> —I— 627”0-]'7”7171 |1>> ® ® <|O> + 627F’LO-‘71]2..-]n71.7n |1> >:|
(4.2)
If j1, ..., 7, = 0, then the effect of this circuit simplifies to an equal representation of

all basis states:

N—-1
QFTI0) = = > K 43)
k—0

This has the same affect as applying Hadamard gates (H®") to the entire control
register. The control register is always initialized in the |0) state for phase esti-
mation, so in effect using the Hadamard representation is all we need. However,
after encoding the phases from the controlled-U? operations, this is not the case.
We will need an accurate gate representation of the Q F'T" in order to determine its
inverse.

Equation 4.2| provides a useful start point for finding an efficient gate imple-

mentation of the QFT. We can see that each digit of j,, ...j,, rotates a given qubit in

U

the z-basis by a factor of 7,

depending on the qubit.We can define a rotation gate

in the following way:

2T

It is useful to start with the last qubit, since its state after the transformation
only depends on the value of value j,. If j, = 0, then final state should be |0) + |1)
(excluding the normalization constant), while if j, = 1, the final state should be
0) + €™ |1) = |0) — |1). This is just the Hadamard gate.

Next, preparing the qubit j,,_;, the Hadamard gate again will achieve the state
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4.2 The Trotter Approximation

|0) + m0-in—1 However, achieving the state |0) + ¢*"0-i»-1Jn requires that we apply
the gate R, only if j, is zero. A controlled-R, operation will accomplish this for
either value of j, (or any superposition of the two for that matter). It is important,
however, that qubit j, be in the state |j,) when the controlled-R, gate is applied.
Hence, the actions on qubit j,,_; must occur before the actions on qubit j,,.

We can proceed in a similar manner, acting on qubit j,,_, before the following
qubits, always applying a Hadamard gate followed by the controlled rotations. A
general circuit is shown in Figure[4.2] Note that Equation4.2]shows that |j;) should
be mapped to the state |0) + 2™ |1). This circuit requires that we either perform
swap gates on all the states prior to the circuit shown in Figure or simply move
forward knowing they are now in reverse order. The second option is completely

possible in this case.

|J1)

H

Ryl -

i) ———

’jn71>

)

’0> —+ eQWiO-jl"'jn ’1>

|0> + 627ri0.j2~--jn ’1>

. |0> + 2mi0-Gn—1jn |1>

LIEL (0) + emoin )

Figure 4.2: Circuit for the quantum Fourier transform on an n-bit register. From
Neilsen and Chuang pg. 219 [3]

4.2 The Trotter Approximation

Qubit Hamiltonians have the form H = ), H,. For an M-qubit system (a 2" x

2M matrix), an efficient decomposition of H into elementary gates is not known.



4.3 Implementing the Exponentials of Pauli Operators

—iHt

However, using the time-evolution operator U = e suggests a way forward.

Consider the Hamiltonian H = H; + H,. If these terms commute ([H;, Hy| = 0), the

—iHqt ,—iHoat

time-evolution operator can be implemented as e e . Here, without any
loss of precision, U can be implemented by applying the exponential of the first
and second terms in succession.

However, qubit Hamiltonian terms do not generally commute. When [H, Hs] #
0, then U = e "t £ ¢~ifite—itt Ingtead, we can use the Trotter approximation to
implement an approximate version of U. The first order Trotter approximation [16]
is

o i(H1+H2)t (6—iH1t/n6_iH2t/n) " (4.5)

where n is the number of Trotter steps. As n — oo, the approximation converges
to U exactly. Higher-order Suzuki-Trotter approximations exist to approximate U
such the approximation converges more quickly to the exact value[14]. For mul-
tiple terms, the ordering of the terms affects the trotter order. This approximation
allows us create efficient circuits for implementing time-evolution operators. It
remains to be shown how the exponential of each term can be implemented in a

circuit.

4.3 Implementing the Exponentials of Pauli Operators

Qubit operators produced from either of the transformations described in sec-
tion 3| produce terms of single qubit gates (X,Y,Z,I) tensored together. For a general

quantum state, implementing the tensor product of unitary gates, such as ZyZ; 25,
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4.3 Implementing the Exponentials of Pauli Operators

icloZ1Zat 3

requires entangling gates. A circuit that implements the unitary U = e is:

JA)
V
JA)
V

R.(0)

D
V

JA)
V

where 0 = 2ct. If we now wanted to replace implement an X or a Y on a particular
qubit, we just need to rotate that particular qubit into its respective basis. After
this, we just rotate that qubit back to the computation basis. It is easy to verify that

An example of implementing the gate X 7,Y5 is shown in Figure

— Ry(7/2) Ry(—7/2)
P, P,
A R.(—7/2) PO R, D R.(m/2)
Figure 4.3

The phase estimation algorithm relies on implementing not just U, but a controlled-
U operation. The purpose of the control is to encode any global phase produced
by the gates as basis rotations and CNOT gates cancel themselves out. However,
the IR, rotation may contribute to the overall phase of U and hence should be made

as a controlled gate.
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4.4 Using Phase Estimation to Obtain Energy Eigenvalues

4.4 Using Phase Estimation to Obtain Energy Eigen-

values

—tHt

The time-evolution operator of a Hamiltonian U = """ has an eigenvalue of

the form e~*Ft = ¢?2m(@+K

), where K is an integer ¢ is a decimal number. Assuming
we have some rough bounds [E,,in, Ene,| on the energy eigenstate, an algorithm
which could approximate ¢ enable us to calculate the eigenvalue (ground-state
energy) of the original Hamiltonian H.

The system register is prepared in the eigenstate of U, which is equivalently
the eigenstate of HP| It may seem counterintuitive to require that we know an
operator’s eigenstate in order to find the eigenvalue of an operator. However, the
Hartree-Fock ground state provides an effective approximation. When the time-
evolution operator is applied, this approximate state will collapse into the actual
ground state.

The output of the phase estimation algorithm is an approximate value of ¢,
which allows us to calculate the eigenvalue of U for a given input eigenstate |1).
We can represent ¢ in the form ¢ = 0.¢1¢2¢s3...¢, which is the binary decimal
expansion 2 + 2 + ... 4 2t Though the actual eigenvalue may not terminate, we
make a decimal approximation to include £ binary decimal places. To approximate
¢ to n binary decimal places, we need N qubits int he control register.

The first step is to prepare the system register in the approximate eigenstate

of the Hamiltonian. Though not always trivial, the familiar mappings discussed

in section |3| produce easily prepared initial states. We also apply the QFT to the

2To see this, recognized that e = I + A + ‘;‘—!2 + ‘g—? + .... The eigenstates of A™ are the same as
those of A.
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4.4 Using Phase Estimation to Obtain Energy Eigenvalues

control register, initialized in the zero state. This amounts to simply the H®V gate.

We now have the control register in an equal superposition of all basis states.

N

> i) (4.6)

i=1

¥) =

3|~

We would now like to apply gates to this control register such that we obtain the

state:

[( 10) + 2mi0-6n ‘1>> 2 <|O> 1 2mi0gndn1 ’1>> ®..® <|0> 1 Q2mi0.6102..cbn1 ) ﬂ

(4.7)

on/2
The key to this step is recognition that applying U in powers of 2* yields the phase:
U ) = (e279)”" ) = 2mior - n gm0 dncnen |y (4.8)

Applying the the gate multiple times removes the phase contribution of more
significant digits of ¢ by making them integer multiples of 27. By applying a
controlled-U?" operation, the control qubit codes the global phase of the unitary
gate as a relative phase between its |0) and |1) basis states.

Consider the gate U?", which has eigenvalue ¢2"*¥. For a control qubit in the

|+) state, applying a controlled-U?" has this effect:

[t0) = 0} ) + [1) [¢)
C-U" o) = [0) [) + 1) U" [4))
= [0) [10) + €N [1) [4)
= (10) + €™V 1)) [4)
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4.4 Using Phase Estimation to Obtain Energy Eigenvalues

Now this control qubit has picked up the phase of the operator U?" as a relative
phase, thus converting the global phase into a measurable configuration. Proceed-
ing with decreasing powers of U on each qubit in the control register produces the
state in Equation

Now, we are prepared to recover the digits of ¢, - - - ¢ using the inverse QFT,

which maps the state in Equation[4.7back to the state:

P1) [@2) - -+ &) - (4.9)

Measuring this state, we can compute ¢. Then, working backwards, e "% = ¢
when K = 0. So our ground state energy is for Hamiltonian H is

E = —2r/t. (4.10)

Implementing this algorithm on quantum computers has some difficulties. Even
if powers of U can be implemented as efficiently as U itself, obtaining F with N
bits of precision requires implementing the U>" gate N times. This increases the co-
herence time required to obtain reliable results. Additionally, many existing com-
puters cannot perform controlled gates between each successive pair of qubits.
Swap operations are then required, further increasing the number gates in imple-
mentation. Finally, the QFT has a significant, though polynomial number of gates.
Different versions of phase estimation have been developed to combat hardware

constraints and provide a more efficient implementation.
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4.5 Iterative Phase Estimation

4.5 TIterative Phase Estimation

The Iterative Phase Estimation Algorithm (IPEA) seeks to configure the control
register operations in such a way that each implementation of U>" can be done
independently. This is done by modifying the way the inverse QFT works. Much
in the way the QFT works, the inverse QFT takes feedback in stages. For instance,
converting |0) + ¢*™¢~ |1) back to its associated computational basis |¢y) requires
just a Hadamard. However, converting the e2™-?1%2%~ to |¢y_;) requires knowing
the value of ¢y.

Because we have discretized ¢, we can measure ¢ before applying the rotation,
and classically control the R; gates necessary to complete the mapping for ¢n_4
and measure. Now, equipped with ¢y and ¢x_1, we can find ¢y, and continued
until we have found each digit of ¢.

This ability to perform the inverse QFT for ¢y, using a classical measurement
removes any need for quantum operations between the qubit in the control regis-
ter. As a result, we apply the operations required for each control qubit iteratively

using the following circuit.

|¥) U [¥)

Figure 4.4: Circuit for the first iteration of IPEA

Subsequent iterations can implement a combined correction gate, which re-

quires the feedback from all less significant digits. The effect of this correction
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4.5 Iterative Phase Estimation

gate for the iteration £ is

1 0
Ry (0) = (4.11)
0 6—27Ti0.0¢k+1..‘

This leaves the state

|0) + 202 |1) (4.12)

which a Hadamard can convert to |¢;). A circuit for a general iteration of IPEA is

shown in Figure

¢k+17 ¢k‘+27 e 7¢N

0) )

[¥) U [¥)

Figure 4.5: General circuit for one iteration of IPEA.

As mentioned earlier, an approximate ground state to the Hamiltonian is suf-
ficient in PEA to produce the ground state energy eigenvalue. In IPEA, if there
is sufficient overlap between the approximate ground state and the actual ground
state, we can prepare the a approximate ground state before each iteration, making
them completely independent to further reduce coherence time.

With a circuit of this type, the circuit must be run a number of times to obtain a
reasonable confidence in probabilities. Doing this introduces a decision in how to

pass feedback forward from iteration to iteration:

1. Run the first iteration a number of times, and pass this value on to the next

iteration. Then run the second iteration a number of times.
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4.5 Iterative Phase Estimation

2. Run the first iteration once, pass this value to the second iteration, and so on.

Then this process can be repeated a number of times.

We chose to implement the second method, as it proved to be less susceptible to

noise.
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Chapter 5

Simulating on Real Computers

A variety of companies offer open access to their early stage quantum com-
puters. Here we use the IBM and Rigetti quantum platforms to test the Phase

Estimation Algorithm.

5.1 Test Set

As a test of actual quantum computers, we suggest the use of several varia-
tions on the phase estimation algorithm to obtain useful results. Additionally, we
consider the effect of qubit connectivity on errors.

The first test just utilizes one qubit. Phase estimation applies a gate U and
outputs its eigenvalue as e *#'. As a first test, instead of applying a controlled-
U operation, we perform a simple R, operation to create the same phase on the
control qubit as the controlled-U operation does. The R.(f) is equivalent to the
gate diag(1, ") up to a global phase, so if an iteration of IPEA produces the phase

0 = w¢t2*, we should apply the gate R.(6) in place of the controlled-U operation.
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5.1 Test Set

A circuit for such a test is shown below:

¢k+17 ¢k+27 s 7¢N

0) {HH R.(2"¢t) )

Figure 5.1: One iteration of the single qubit implementation of IPEA. The R, (0)
gate acts in place of the controlled-U operation to encode the necessary relative
phase in the control qubit.

Next, we consider the implementation of a simple two qubit Hamiltonian H =
XoX:. While this term requires the same number of qubits as the hydrogen Hamil-
tonian, the coherence time required to implement this gate is considerably less.

Finally, we implement two qubit Hamiltonians of minimal-basis Hydrogen de-
rived using the Bravyi-Kitaev transformation. Minimal-basis hydrogen requires
four separate orbitals, two ground-state spatial orbitals each with two spin pos-
sibilities. Hence, qubit Hamiltonian for minimal basis hydrogen requires four
qubits. However, this Hamiltonian can be reduced using symmetry to just two

qubits [10]:

HBK == C()[ + 61Z0 + Cng + CgZ()Zl + C4YY + C5XX (51)
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5.2 IBM

where the coefficients are:

co = 0.2252
c1 = 0.3435
co = —0.4347
cs = 0.9716
cy = 0.0910
c; = 0.0910.

The exact ground state energy for this qubit Hamiltonian is

E, = —1.1456.

52 IBM

IBM’s hosts a series of machines enabling anyone to run their own quantum
algorithms on a real quantum computers. IBM provides public access to three

machines:
1. IBMQX2- A five-qubit quantum computer.
2. IBMQX4- A five-qubit quantum computer.

3. IBMQX5- A sixteen-qubit quantum computer.

IBM has designed an API to their machines called Quantum Information Sci-
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5.2 IBM

m

|
|

Figure 5.2: An overview of the IBM system. Image from IBM-github

ence Toolkit (QISKit), which is embedded in Python. It allows for the implementa-
tion of quantum circuits through a variety of methods, including a local simulator,
a remote simulator, and all of the real quantum computers. The API also includes
a series of standard defined gates. IBM’s interface has a compiler, which runs
through circuits to optimize the implementation on the hardware it uses. The IBM

compiler does four things:

1. Qubit topology: the compiler makes a randomized guess at a more efficient
topology. For example, the two-qubit gate between some pairs of qubits

might be produce more error than that of two other qubits.

2. CNOT direction mapper: changes the direction of using the well-known cir-

cuit identity.

3. CNOT cancellation: cancels successive CNOT gates to find a more efficient

alternative.

4. Optimize one-qubit gates: finds the composition of multiple successive single-
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5.2 IBM

qubit gates to apply just one qubit instead.

These compiling mechanisms do well to ensure that user-defined circuits submit-
ted through QISKit are optimized on for the given machine. This saves the step of
first identifying the best configuration for running the circuit.

Our first test is to find the maximum precision of single term operations. The
maximum precision possible given a decimal approximation for ¢ as 0.¢1¢2¢s . . . ¢
is 1/2". With a huge number of iterations (decimal places, bits), the error from ap-
proximating ¢ should reduce to zero. We consider terms of varying length, up to

and including multiple qubit terms. The results are shown in Table

Table 5.1: Error for the eigenvalue output of iterative phase estimation imple-
mented on IBMQX4. We see that implementations of the R, and X X tests continue
to increase in precision with a greater number of bits, while the implementation H,
Hamiltonian does not increase steadily in precision as the number of iterations in-
creases.

Number of Iterations % Error R, % Error XX % Error H,

1 100.0 100.0 100.0
2 57.0796 57.0769 86.2914
3 21.4602 21.4601 7.3543
4 17.8097 17.8097 7.3543
5 1.8252 1.8252 7.3543
6 1.8252 1.8252 4.2264
8 0.6291 0.6291 10.0168
10 0.0155 0.0155 0.1163
15 0.0036 0.0036 0.3877
20 3.21e-05 2.99e-05 0.3941

In looking at the probabilities for these tests, it is clear that the simulation of H,
reaches the coherence limit. The accuracy does not continue to increase with more
bits of ¢, signifying that the error must come from something else. In looking at

the probabilities of obtaining a zero or one for each iteration of IPEA, we see that
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5.2 IBM

random error decreases the probability for high precision. We define confidence as
the degree to which the probabilities of an iteration are separated from a 50%/50%
split, which amounts to just a random bit measurement. The more confident a
measurement is, the further it is from this splitting point.

We find that the confidences of bit measurements decrease as the length of the
Hamiltonian (number of gates) increases. Each iteration is indexed by k and de-
fines the iteration in which U?" was performed. The results (Figure show that
the hydrogen simulation does just well enough to produce reasonably reliable re-
sults. To test this limit, we also implemented the Bravyi-Kitaev H, Hamiltonian

using two trotter steps. This was implemented as:

U= e—zcoft/ne—zchoZl/ne—zqZot/ne—w4YoY1t/n6—zcgth/ne—zchoX1t/n (52)

using the Trotter order suggested in [10]. Theoretically, on a perfect quantum com-
puter, increasing the number of Trotter steps should increase the precision, allow-
ing us to get closer to the actual eigenvalue. However, the results show that this is
not the case.

In short, the coherence time for IBM’s quantum computer is just capable of pro-
ducing reliable results, though not reliable enough for chemical precision. In the
IPEA implementation, we can reduce the Trotter error by increasing the number
of Trotter steps. However, such a change requires increasing the coherence time

linearly with the number of Trotter steps.
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5.3 Rigetti

1o IPEA Single Qubit Test on IBMQX4 10 IPEA of XX on IBMQX4
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Figure 5.3: The probabilities of getting zero or one in each iteration of IPEA as
implemented on IBMQX4. The further from the 50% line, the more confident the
measurement. As the length of U increases and goes over more qubits, the coher-

ence of measurement decreases. (k designates the iteration in which the gate U%"
was applied.)

5.3 Rigetti

Similar to IBM, Rigetti offers researchers access to its 19-qubit quantum com-
puter. Figure 5.4/ shows a map of the qubit topology for this computer. Its Python-
embedded APl is called PyQuil, and offers much of the same functionality as IBM's
QISKit. PyQuil offers a similar set of user-defined gates as IBM.

Testing Hydrogen on Rigetti’s system required more preparation in advance.

Rigetti’s compiler does not optimize which qubits to use, so we first tested the
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5.4 Comparison

Figure 5.4: An overview of the Rigetti’s acorn. The vertices are qubits as labeled
and arranged in the system. The numbers defined on the edges are capacitive
coupling in MHz. Image from Rigetti.

three-qubit fidelities of each combination on Rigetti’s Acorn. This test was done

using PyQuil’s built in Toffoli (CCNOT) gate. A circuit for this gate is shown here.

control 1 —e—

control 2 —e—

target —p—

After applying this gate on the |000) state, we found that qubits 13-14-19 produced
the least error. The results of each combination we tried are listed below. We
achieved limited results of simulating the hydrogen molecule on Rigetti’'s com-
puter. In simulating, the H, we found that the coherence time was not good

enough to simulate H, was not enough to generate results with reliability.

54 Comparison

We performed several tests identically on both system (IBMQX4 and Rigetti
Acorn). One was to test the three qubit gate errors. We found that the error from

the three-qubit CCNOT gate of both computers was roughly the same. However, it
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5.4 Comparison

Table 5.2: Testing three qubit errors using the CCNOT gate on Rigetti’s Acorn (Re-
sults from Riley Chen). We used the input state |000), so the expected output is
1000).

Qubit1 Qubit2 Qubit3 P(000)

4 19 8 04713
4 19 9 0.5563
4 19 13 0.5007
4 19 14 0.4517
8 19 4 0.5643
8 19 9 0.566
8 19 13 0.4503
8 19 14 0.5663
9 19 4 0.614
9 19 8 0.4873
9 19 13 0.4827
9 19 14 04713
13 14 4 0.486
13 14 8 0.5133
13 14 9 0482
13 19 4 0.49%
13 19 8 0.4993
13 19 9 0.4637
13 19 14 0.57
14 19 4 0.4793
14 19 8 0.501
14 19 9 04573
14 19 13 0.5077

Table 5.3: Shows the best performance (least error) of the CCNOT gate measured
on IBM and Rigetti’s computers using the input state |[000) and expected output
|000). We see that the probability of getting the correct state is roughly the same
for both computers.

Machine P(000)
IBMQX4 0.633
Rigetti Acorn 0.614
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IPEA of H2 on Rigetti Acorn
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Figure 5.5: Probabilities for each bit when implementing hydrogen molecule on
Rigetti’s Acorn. Clearly, the coherence times were not great enough to get reliable
results for this Hamiltonian. (k designates the iteration in which the gate U was
applied.)
appears the coherence times on the two machines are not. In identical implementa-
tions of the various tests, the confidences in the bit values were much stronger for
IBM than Rigetti, indicating that the coherence of the state decreases more quickly
on Rigetti’s computer.

For example, consider the X X Hamiltonian run for ¢ = 1 for 10 iterations. The

results are shown in Figure This is consistent for implementing the Bravyi-

Kitaev hydrogen Hamiltonian as well. These results are shown in Figure
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10 IPEA of XX on IBMQX4 10 IPEA of XX on Rigetti Acorn
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Figure 5.6: Compares the confidence of bit measurement implementing H = XX
on IBM and Rigetti. (k designates the iteration in which the gate 2" was applied.)
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Figure 5.7: Compares the confidence of bit measurement implementing the Bravyi-
Kitaev H, Hamiltonian on IBM and Rigetti’s quantum computers. (k designates
the iteration in which the gate U?" was applied.)
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Chapter 6

Conclusion

We set out to perform a simulation of the electronic structure on real quan-
tum computers. We described the electronic structure problem and how it can be
formulated in terms of second-quantized states and operators. Then, we briefly
described different possible mappings of the electronic structure problem to be
simulated on quantum computers using the iterative phase estimation algorithm
(IPEA).

We implemented a simplified minimal-basis hydrogen Hamiltonian on two
open-source quantum computers (IBMQX4 and Rigetti Acorn). We show that co-
herence time and gate errors limit the near-term use of IPEA for electronic struc-
ture simulation. We do, however, provide a benchmark to track the improvement
of quantum computers over time. As coherence times lengthen and gate fidelities

increase, we hope to return to this procedure again for further testing.
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