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Abstract

The demand for accurate and efficient atomistic simulations and electronic structure

calculations in materials science and quantum chemistry has motivated the develop-

ment of novel computational methodologies. The rapid evolution of machine learning

has brought new techniques for advancing the accuracy, efficiency, and predictive

power of atomistic simulations and electronic structure calculations.

In this thesis, we explore the symmetry requirements and physics intuitions needed

for developing machine-learning interatomic potentials, which are the most criti-

cal component in atomistic simulations. Specifically, we introduce a novel physics-

inspired graph neural network interatomic potential that enables accurate and effi-

cient atomistic simulations of complex materials. The machine learning interatomic

potential is trained on multiple datasets of ab initio quantum mechanical calcula-

tions, capturing the atomic environment and energy landscapes of various materials.

We also show that the machine learning interatomic potential accurately models the

potential energy surface with ab initio accuracy while substantially reducing compu-

tational costs compared to ab initio calculations.

We also employ machine learning techniques to examine the time-dependent Kohn-

Sham system. This non-interacting, single-particle model corresponds to interacting

electronic systems in time-dependent density functional theory. We derive a “clas-

sical” form of the Kohn-Sham equations under the adiabatic approximation, which

serves as the basis for constructing a neural network that maps time-dependent elec-
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tron density to the Kohn-Sham energy functional. We also show that the machine-

learned energy functional effectively reproduces the evolution of electron density.
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Absolute errors (eV/Å) of graph-EAM force components predictions

of different models. “Leg”, “Pow”, “Poly” and ‘Pair” are shown using

red, blue, yellow, and light blue markers, respectively. . . . . . . . . 101

5.9 (Amorphous carbon) (a) GAP-predicted energy per atom (grey) ver-

sus graph-EAM-predicted energy per atom (red) for aC structures. (b)

Absolute errors of the energy per atom predictions from graph-EAM

(red) versus that from GAP (grey). (c) DFT-computed force com-
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Chapter 1

Introduction

Section 1.1

Overview

Over the last decade, machine learning algorithms have achieved impressive break-

throughs. In 2016, AlphaGo[7] marked a milestone as the first machine learning-

powered program to defeat the best human player in the game of Go, which was be-

lieved to be impossible due to the game’s enormous search space. In 2021, AlphaFold[8],

which is a neural-network-based program for predicting the 3D structure of a protein

from the amino acid sequence, demonstrated accuracy comparable to experimental

results. In 2022, the large-language-model ChatGPT[9] significantly extended the

boundaries of what’s possible with artificial intelligence in natural language process-

ing. These achievements in gaming, bioinformatics, and natural language processing

are just a few examples of the transformative power of machine learning.

Despite these milestones, a range of shortcomings in machine-learning algorithms

has been recognized by machine learning researchers. One critical shortcoming is a

lack of interpretability. For most of the machine learning applications used in com-

puter science, they are treated as “black boxes”, which means that we can get answers

1



to questions, but we don’t know the mechanism behind them. This shortcoming can

often lead to absurd predictions when we want to apply machine learning to physics.

The reason lies in the fact that these “black boxes” are unable to capture the un-

derlying physics of a system, which is usually guided by concise intrinsic physical

symmetries or compact physical equations. One natural idea here is that if the prior

physical knowledge can be properly incorporated into machine learning, the model

should be able to gain much more interpretability. Therefore, the urgent question to

be answered is: How do we effectively incorporate physical knowledge into machine

learning?

This dissertation will attempt to answer this question from multiple perspectives.

To narrow down the scope of discussion, we will be focused on machine learning in

atomistic simulations and electronic structure calculations. In this dissertation, I will

show how to incorporate the correct physics into machine learning models and use

them to advance atomistic simulations and electronic structure calculations, not just

in computational speed but also in accuracy.

Atomistic simulations and electronic structure calculations are computational

techniques that allow us to model and predict the property of molecules and ma-

terials. In today’s world, these computations are executed on many supercomputers

to predict material properties, design materials, facilitate drug discovery, and more.

Ideally, the solution to the many-body Schrödinger equations associated with the

many-body system provides a comprehensive understanding of the system’s prop-

erty. However, the reality is that directly solving Schrödinger equations encounters

an “exponential wall”[10], a term that refers to the computational complexity that

exponentially increases with the size of the system. Therefore, various significant

computational chemistry approaches have been proposed depending on the scale of

the system under study.
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For small-scale molecular systems, ab-initio methods, including Hartree-Fock meth-

ods and some post-Hartree-Fock methods, and density functional theory (DFT) (see

Chapter 3) are commonly employed to calculate the electronic structure of the molec-

ular system. These methods do not scale exponentially with the number of atoms

in the system and can precisely model electronic structures, allowing us to simulate

systems with a few hundred or thousands of atoms. But these methods can still be-

come computationally expensive for larger systems due to their complexity ranging

from O(N3) to O(N7), where N is the number of atoms in the system. The large

number of atoms in the system and the higher-order polynomial scaling leave space

for machine learning. Here in this regime, machine learning models can be employed

to do optimizations for faster and more accurate calculations.

For larger systems, such as biomolecules or materials, molecular dynamics simu-

lations (MD) are typically used. MD simulations consider nuclear motion only and

implicitly include the electronic effects (therefore, it’s recognized as a type of atom-

istic simulation), making them less accurate for predicting certain properties but

significantly more efficient for large-scale simulations. Machine learning can aid these

methods by creating interatomic potentials or force fields, which can significantly

speed up simulations while keeping the accuracy at the same level as ab-initio meth-

ods and DFT simulations.

Section 1.2

Scope of the thesis

This thesis aims to explore the role of machine learning in electronic structure calcu-

lations and atomistic simulations. With the machine learning techniques developed

in the thesis, we hope to improve the accuracy and efficiency of electronic structure

calculations and atomistic simulations.
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Chapter 2 will provide a comprehensive review of fundamental machine learning

concepts, laying the groundwork for the methodologies applied in subsequent chap-

ters.

Chapter 3 and 4 will provide a comprehensive review of electronic structure cal-

culations and a vital concept in atomistic simulation: interatomic potentials.

In addition, these chapters will introduce modern machine learning methods used

for constructing machine-learning-based interatomic potentials. This includes a dis-

cussion of practical physical considerations for constructing machine learning inter-

atomic potential models.

The content presented in the following chapters is based on both my published and

unpublished articles. Chapter 5 is dedicated to discussing Graph-EAM, a physics-

inspired graph neural network interatomic potential. While current deep learning

models used for constructing interatomic potentials demonstrate impressive accuracy,

their complexity and the huge number of learnable parameters diminish physical inter-

pretability and compromise the robustness of the resulting potential. In this chapter,

we propose Graph-EAM, a lightweight graph neural network (GNN) inspired by the

famous empirical embedded atom method to model the interatomic potential of single-

element structures. Four single-element systems for which quantum simulation data

sets are publicly available are examined to demonstrate that Graph-EAM can achieve

high accuracy comparable to or better than existing state-of-the-art machine learning

models with much fewer parameters. It is also shown that explicitly including the

angular information via three-body interactions significantly increases the prediction

accuracy. The accuracy and efficiency of potentials obtained from Graph-EAM can

help accelerate molecular dynamics simulations.

Chapter 6 introduces a machine learning method for developing Kohn-Sham po-

tentials based on the time evolution of electron density in time-dependent density
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functional theory. This method provides a different perspective to investigate the

energy functional and Kohn-Sham potential through machine learning. Unlike many

machine-learning methods where the exact Kohn-Sham potentials are used for train-

ing the model, the model developed in this chapter purely depends on the evolution

of the electron densities.

Given the time evolution of the electron density, the energy functional can be

reproduced from the method developed in Chapter 6. A method for deriving this

electron density is introduced in Chapter 7, where we will discuss a practical method

for obtaining the time evolution of electron density on quantum devices. In this

chapter, we compare and examine three methods of extracting the time-dependent

one-particle probability density from a quantum simulation: direct Z-measurement,

Bayesian phase estimation, and harmonic inversion. These methods have been tested

in the context of the potential inversion problem of time-dependent density functional

theory.
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Chapter 2

Overview of Machine Learning

Section 2.1

Introduction

Machine learning (ML), a field that revolves around the development of algorithms

and models to make predictions and discover patterns from data[11], has revolution-

ized numerous fields over the past decades. Its applications span a wide range of

areas, from computer vision and natural language processing to autonomous driving,

effecting significant changes in our world[9, 8, 12]. The revolution is not limited to

computer science; physicists are also actively involved in leveraging machine learning

for fundamental research.

The availability of “big data” in particle physics, experimental physics, and con-

densed matter physics has set up a perfect playground for machine learning. Beyond

using machine learning-assisted methods in their research, physicists also developed

many physics-inspired machine-learning algorithms. These innovative algorithms not

only advance the frontiers of physics but also contribute to the broader field of ma-

chine learning, providing valuable insights to computer scientists.

In this chapter, we will review some essential topics and basic concepts in ma-
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chine learning, which will be useful for further discussions in the following chapters.

In terms of the purpose of a machine learning task, we can classify machine learn-

ing into three general categories: supervised learning, unsupervised learning, and

reinforcement learning[13, 11].

Supervised learning learns from labeled data. Typical problems involved in su-

pervised learning are regression and classification problems. Unsupervised learning

mainly handles the problems where labeled data is unavailable. It is most frequently

used in clustering and dimension reduction problems. Reinforce learning needs the

interaction between an agent and the environment, where an agent takes actions in

a given environment guided by maximizing a reward function[14]. In this disserta-

tion, the focus is primarily on supervised learning applications in physics, particularly

regression problems in physics.

In supervised learning, a dataset of n samples {x1,x2, . . . ,xn} is given, where

xi ∈ Rp is an p-dimensional vector. A label yi ∈ Rd is given for each smaple xi.

The goal of supervised learning is to find a function fθ : Rp → Rd parametrized by θ

that makes the best prediction on the dataset D = {(x1,y1), (x2,y2), . . . , (xn,yn)}.

In practice, the dataset is often divided into two sets: most (90% or more, but not

all) of the samples in D will be partitioned into a training set Dtrain for optimizing

the parameter θ in f . The remaining set is the test set Dtest for evaluating the

performance of the function. The process of finding the optimized parameter θ on

Dtrain is called training which is done via optimizing a loss function (or cost function)
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L : (Rd × Rd)ntrain → R. Let

X =



xT
1

xT
2

...

xT
n


, y =



yT
1

yT
2

...

yT
n


be the stacking of all xi and yi in Dtrain respectively, the output of the loss function

on the dataset is L(fθ(X),y).

In regression problems, the most commonly used loss functions are the mean

absolute error (MAE) and the mean square error (MSE) loss functions, which are

defined as

MAE(θ) =
1

ntrain

ntrain∑
i=1

∥fθ(xi) − yi∥1, (2.1)

and

MSE(θ) =
1

ntrain

ntrain∑
i=1

∥fθ(xi) − yi∥22 (2.2)

respectively. The loss function for classification problems usually takes the cross-

entropy

Cross-Entropy(θ) = −
ntrain∑
i=1

yi log fθ(xi) + (1 − yi) log(1 − fθ(xi)). (2.3)

Notice that in the cross-entropy equation, yi is a scalar whose value can be either 0

or 1.
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Section 2.2

Optimization methods

During the training procedure, the loss function is minimized to get the optimized

parameters over the given dataset D, θ̂D = argmin
θ

L(fθ(X),y). The most broadly

used optimization method is the gradient descent (GD) method, where the parameters

θ are optimized iteratively by:

θt+1 = θt − η∇θL(fθ(X),y)

= θt − η

n

n∑
i=1

∇θli(θ)
(2.4)

where η is the learning rate (lr) controlling the descending speed. The method is

related to Taylor’s expansion to the first order. There exist other methods using

higher-order Taylor’s expansions, but they usually suffer from low computational

efficiency issues and are rarely used.

Although GD is computationally cheaper than other higher-order optimization

methods, it may still require a huge amount of computational resources when dealing

with large datasets. Another limitation of GD is that it’s often trapped in local

minima.

To avoid these issues with GD, we often use stochastic gradient descent (SGD)

with mini-batches and their variants[15, 16], instead of using GD directly. In each

iteration of a GD process, GD uses all n samples in the dataset to update the trainable

parameters, while in SGD, only a small portion of the dataset is used. This small

portion is called the mini-batch. Usually, we have a mini-batch of a fixed size M ,

which is chosen to be much smaller than the size of the dataset n for computational

efficiency consideration. Thus the entire dataset is partitioned into n/M mini-batches
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Bi, with i = 1, 2, . . . , n/M . We use the gradients calculated in the min-batch to

replace the gradients in the entire dataset,

θt+1 = θt − η

|Bj|
∑
i∈Bj

∇θli(θ). (2.5)

If we take the expectation values of the parameters θ in both Eq. 2.5 and Eq. 2.4,

we can find SGD and GD are doing the same thing in a statistical point of view. But

the mini-batch idea significantly reduces the computational cost. An additional ben-

efit of using SGD is that stochasticity is incorporated by approximating the gradients

in the mini-batch, which enables the loss function to jump out when trapped in local

minima.

A useful variant of SGD involves adding the “momentum” term. With the “mo-

mentum” term, the new rule of updating the trainable parameters is given by

vt+1 = γvt +
η

|Bj|
∑
i∈Bj

∇θli(θ)

θt+1 = θt − vt

(2.6)

where 0 ≤ γ ≤ 1 is the momentum parameter. SGD with momentum is usually more

powerful, especially in scenarios where the optimization landscape shows an elongated,

valley-like structure. Along directions where the curvatures are small, the gradient

descent takes tiny steps and progresses slowly. But in some other directions where

the curvature is high, rapid oscillations in the optimization process take place. This

special structure brings challenges to the optimization process. The “momentum”

term is capable of handling optimization problems in the special landscape. This

term offers an acceleration in the low-curvature direction, and a deceleration in the

high-curvature direction[11].

There are other SGD-based methods considering more sophisticated structures.
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The most popular ones include AdaGrad[17], Adam[18], and AMSGrad[19], etc.

These methods add different fine tunings to the SGD methods, but the spirit of

“stochasticity” holds true for all of them.

Section 2.3

Bias-variance trade-off

In the process of optimization, we always hope to minimize the loss function. But

in practice, it’s not always the lower loss on the training set, the better. Sometimes

lowering the loss on a training set can lead to a rise in loss on the test set. This

phenomenon is because of overfitting, which is often because the model complexity1

is too high.

In this section, we will discuss how to balance overfitting and underfitting within

the framework of the bias-variance trade-off. We explain the bias-variance trade-off

with a noisy model y = f(x) + ϵ for data generation, where Eϵ[ϵ] = 0,Eϵ[ϵ
2] = σ2.

We assume y ∈ R to simplify the discussion in this section. We can use a machine

learning model fθ(x) to approximate f(x), which is optimized with the MSE loss

function.

The expected model prediction error on an unseen data point x, y is measured by

Eϵ,D[(y − fθ(x))2] = Eϵ,D[(f(x) + ϵ− fθ(x))2] (2.7)

This expectation can be expanded into the sum of three terms,

Eϵ,D[(y − fθ(x))2] = σ2 + ED
[
(f(x) − ED[fθ(x)])2

]
+ ED[(fθ(x) − ED[fθ(x)])2],

(2.8)

1model complexity in most cases refers to the number of trainable parameters.
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where ED is the expectation taken over different samplings and Eϵ is the expectation

taken over the system noise. In Eq. 2.8, the first term σ2 is the irreducible error,

Underfitting Overfitting

Optimal

Figure 2.1: Bias-variance trade-off: increasing the model complexity decreases the bias but
often increases variance. A high-bias-low-variance model indicates underfitting, while a
low-bias-high-variance model indicates overfitting. To find the optimal model, we need to
balance the bias-variance trade-off.

which originates from system noise that cannot be reduced by any machine learning

model.

The second term, the bias term, represents the deviation of the model predictions

from the true values of the target variable. A model with high bias often appears in

the underfitting region, indicating that the model is too simple and cannot capture

the complexity of the data.

The last term is the variance term, which measures the fluctuations over differ-

ent samplings. This term exists because the dataset is always finite, and machine

learning models can make predictions with differences when changing the dataset. A

model with a high variance tends to have a big difference in predictions over different

datasets, indicating that the model is overfitted. In the overfitting region, the model
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can have a very good performance in the training set but a terrible performance in

the test set.

The total error shows a U-shape in the error-model complexity plot in Fig. 2.1.

In conventional machine learning, it is believed that the bias term decreases with the

model complexity while the variance term increases with the model complexity. But

recent researches[20, 21] find that in some deep learning models where the number of

parameters is much larger than the size of the training set, both bias and variance can

decrease with the increase of model complexity, which is called the double descent

phenomenon.

Section 2.4

Machine learning models

2.4.1. Linear regression

Linear regression is the simplest model, where a straightforward linear relationship

between the n× p input matrix X and the target output y is assumed:

yβ = Xβ + b (2.9)

The above equation can be written more compactly by appending x0 = 1 to each row

vector of X. Thus we obtain a new data matrix:

X̃ =



1,xT
1

1,xT
2

...

1,xT
n


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and a new coefficient vector:

β̃ =

β0
β

 .
As a result, the linear model can be written as

yβ̃ = X̃β̃. (2.10)

For convenience, we will use yβ = Xβ to represent a linear model in the following

discussions.

The simplicity of linear regression enables the minimization of the MSE loss func-

tion L(β) = ∥y −Xβ∥22 to have a closed-form solution:

β̂ = (XTX)−1XTy. (2.11)

Notice that Eq. 2.11 holds true when XTX is invertible. But there exist situations

when XTX is not invertible, e.g., when the number of sampling points is less than

the dimension of the input vector n < p. In these situations, there are infinitely many

solutions to the minimization problem. To avoid the issue, a regularization term is

often added to the loss function. For example, adding the square of β’s L2 norm leads

to the ridge regression:

L(β) = ∥y −Xβ∥22 + λ∥β∥22 (2.12)

The resulting solution to the minimization problem is:

β̂ = (XTX + λI)−1XTy. (2.13)
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Linear models are a class of simple but powerful machine learning models that

describe the linear relationship between the inputs and the outputs. We will see

with examples in later chapters that linear models can provide efficient and accurate

solutions to physical problems. They also serve as the foundation of a variety of more

complex models.

2.4.2. Kernel methods

One major disadvantage of linear models is that they lack the ability to capture

nonlinear relationships, which is more commonly seen in nature. For example, the

relationship between gravitational force and position cannot be described by any

linear models.

Kernel methods provide an effective solution for determining the nonlinear re-

lationship between the inputs X and the output y. The idea of kernel meth-

ods is to map the original input vectors xi to a feature space via a feature map

ϕ(xi) = [ϕ1(xi), ϕ2(xi), . . . , ϕK(xi)]
T , and establish a linear model between the fea-

ture matrix

Xϕ =



ϕ1(x1), ϕ2(x1), . . . , ϕK(x1)

ϕ1(x2), ϕ2(x2), . . . , ϕK(x2)

. . .

ϕ1(xn), ϕ2(xn), . . . , ϕK(xn)


and y. ϕ1, ϕ2, . . . , ϕK are components of the feature map ϕ known as basis functions.

Thus the target is approximated by

yβ = Xϕβ (2.14)
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Similar to the linear regression situation, the loss function is minimized at

β̂ = (XT
ϕXϕ + λI)−1XT

ϕy, (2.15)

which can be rewritten as

β̂ = XT
ϕ (XϕX

T
ϕ + λI)−1y = XT

ϕ α̂ =
n∑

i=1

αiϕ(xi), (2.16)

where α̂ = (XϕX
T
ϕ + λI)−1y.

For a new input vector x, the model prediction is given by

y(x) = ϕ(x)T β̂ = ϕ(x)T (XT
ϕXϕ + λI)−1XT

ϕy =
n∑

i=1

αi ⟨ϕ(xi),ϕ(x)⟩ , (2.17)

where ⟨,⟩ is the inner product operator. The last identity in Eq. 2.17 means the

model can be fitted with a linear combination of inner products, which measures the

similarity between a pair of feature vectors.

It is convenient to define a kernel function k(xi,x) = ⟨ϕ(xi),ϕ(x)⟩. Thus the

model can be written as a linear combination of kernels

y(x) =
n∑

i=1

αik(xi,x). (2.18)

This expression indicates we can approximate the linear function without knowing the

explicit expression of the feature map ϕ. In practice, directly calculating the feature

map can be extremely expensive because it may be defined in an infinite dimensional

space. Alternatively, we can use a kernel function to measure the similarity between

x and xi, which could reduce the computation cost significantly.
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Commonly used kernel functions include the polynomial kernel

k(xi,xj) = (⟨xi,xj⟩ + c)d (2.19)

and the Gaussian kernel

k(xi,xj) = exp

[
−∥xi − xj∥22

ρ

]
, (2.20)

where ρ determines the width of the Gaussian packet.

2.4.3. Neural networks

Neural networks are nonlinear models inspired by the structure of the human brain.

The elementary unit of a neural network is a neuron. Neurons are organized into

layers. Based on their positions in a network, layers can be classified into input,

hidden, and output layers. The input layer accepts the data, the hidden layers perform

transformations on the input data, and the output layer produces the final predictions

or classifications. Layers are connected by a linear function w · x + b followed by a

nonlinear activation function σ. Such an input-hidden-output structure is proven to

have the ability to approximate any nonlinear function with arbitrary accuracy under

the universal approximation theorem. A graphical representation of the structure is

shown in Fig. 2.2. The commonly used nonlinear activation functions include sigmoid,

tanh, rectified linear unit (ReLU), leaky ReLU, and exponential linear unit (ELU).

Their expressions are listed in Table. 2.1

While the Universal Approximation Theorem asserts that neural networks can

approximate any function, it does not provide any assurances regarding convergence

speed. In practice, deep neural networks with multiple hidden layers have demon-

strated themselves to have better performance. However, as the networks go deeper,
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Input 1

Input 2

Input 3

Hidden 1

Hidden 2

Hidden 3

Hidden 4

Output

Input Layer

Hidden Layer

Output Layer

Figure 2.2: A graphical representation of a 3-layer neural network. Layers can be classified
into an input layer, a hidden layer, and an output layer.

Activation function σ Expression

Sigmoid
1

1 + e−x

Tanh
ex − e−x

ex + e−x

ReLU max(0, x)

leaky ReLU

{
x, x > 0

ax, x ≤ 0

ELU

{
x, x > 0

ex − 1, x ≤ 0

Table 2.1: Commonly used activation functions.
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they may suffer from the vanishing/exploding gradient problem[22, 23] during the

training procedure, which can be addressed by a deep neural network architecture

with skip connection layers called residual network (ResNet)[24]. This special ar-

chitecture enables us to construct extremely deep neural networks with more than

100 layers and significantly increases the model performance. Since its introduction,

ResNet has gained immense popularity and has been adopted by many deep learning

models across various domains, including physics[25, 26, 27, 28, 29].

In section 6, we will introduce a method to investigate the Kohn-Sham potential

inversion problem in time-dependent density functional theory with neural networks.

2.4.4. Graph Neural networks

Traditional neural networks are good at handling structured data like grids and se-

quences. However, they may face limitations when dealing with irregular data struc-

tures, e.g., graphs. The node and edge counts may differ a lot for different samples,

which is the case for structured data. For example, in the image classification prob-

lem, all images can be reshaped into the same size, but any change in a graph’s node

or edge counts leads to a completely different graph. Additionally, traditional neural

networks are unable to capture the relational information hidden in graph-structured

data. Consequently, applying traditional neural networks to irregular data struc-

tures can lead to unexpected issues, as they are not specifically designed to work

with data in graph structures. Moreover, using graph representation can be used

to capture certain intrinsic invariant properties, such as invariance to node permu-

tations, which are crucial for certain problems. We will see an example of machine

learning interatomic potential to emphasize the importance of invariant properties

in Chapter 4. Graph Neural Networks (GNNs) have emerged as a powerful tool for

learning from graph-structured data to address these limitations. GNNs have been

extensively used to investigate social science, knowledge graphs, biology, chemistry,

19



Figure 7.2: The expectation value of a†1a1 is measured via (a) and (d) direct Z-basis mea-
surement, (b) and (e) harmonic inversion, and (c) and (f) Bayesian inference. The upper
panel is the result of 4-orbital model, the lower panel is the result of the 8-orbital model. All
of the data points are plotted against the exact Trotter solution depicted in as a continuous
line. In plot (c) and (f), the first point shows a large deviation from the Trotter solution
typical of the behavior of Bayesian inference whenever the exact density’s value is close to
one. Error bars shown in (a), (c) and (d),(f) are two standard deviations about the mean.
The harmonic inversion does not have error bars because the error comes from two sources:
from the sampling error at different time τ and from the reconstruction of the density using
harmonic inversion.
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obtain the expectation value of the density. The results based on 15 equally spaced

time-points with 3000 measurements at each fixed time are shown in Fig. 7.2(a)(d).

The exact time evolution of the density is also shown in the figure for comparison

along with error bars of 2σ reflective of the N = 3000 sample variance of the binomial

distribution.

The simplicity of this measurement approach reduces the classical runtime to the

lowest of the three methods compared, and the convergence of the error bars is faster

than the Bayesian measurement discussed later.

7.3.2. Method 2: Harmonic inversion

Harmonic inversion is a technique of extracting the amplitudes Aj, frequencies fj,

phases ϕj and exponential decay constants αj out of a signal,

f(τ) =
∑
j

Aje
−i(2πfjτ−ϕj)−αjτ (7.6)

which is evenly sampled [221, 222]. The signal reconstructed from harmonic in-

version has the same form as the probability P (0|τ) except for the decaying term

which is negligible when the decoherence is not considered. By comparing the form

of the reconstructed signal with the probability, we can obtain the density from the

reconstructed signal.

The results of density measurement through harmonic inversion are shown in

Fig. 7.2(b)(e). Each point in Fig. 7.2(b)(e) was computed through harmonic inversion

using the HarmInv package [223]. Because the local density operator a†pap only has

eigenvalues zero and one, the measurement outcome has a simple form
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P (0|τ, t) = A0(t) + A1(t)
(
e−i2πfτ + ei2πfτ

)
(7.7)

where A0(t) = 1
2
(2 − |c1(t)|2), A1(t) = |c1(t)|2/4, and f = 1/2π.

7.3.3. Method 3: Bayesian inference

Bayesian inference can be used to estimate the density as well. As a powerful tool of

making inferences, Bayesian inference has wide applications. We applied Bayesian in-

ference to infer the unknown parameters in a quantum system which, in our case, is the

on-site density. The density estimation was implemented via sequential Monte Carlo

(SMC) [224]. This method requires the most communication between the classical

and quantum processors since the SMC suggests each τ -point based on the previous

outcomes. The Bayesian experimental design is based on the implementation found

in the QInfer package [225]. Bayesian inference gives the probability distribution of

a parameter over the parameter space. The final decision is made according to the

posterior probability P (θ|d1, d2 . . . dN), where θ is the parameter we want to estimate,

di’s are the outcome of each measurement. In the present application, θ ≡ ⟨nj(t)⟩.

Recall the Bayesian rule, the posterior probability is updated by carrying out

experiments sequentially,

P (θ|d1, d2, . . . dN) ∝
N∏
i=1

P (di|θ)P (θ) (7.8)

where P (θ) is the prior probability, P (di|θ) is the likelihood function.

The likelihood function contains information about the parameters before con-

ducting any experiments. Since we know nothing before the experiment, we can
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initialize the prior with a uniform distribution over the parameter space. For the

phase estimation circuit of Fig. 7.1, the likelihood function is given by

P (d| ⟨nj(t)⟩ ; τ) =
1

2
+

(−1)d

4
⟨ψ(t)|{UO(τ) + U †

O(τ)}|ψ(t)⟩ (7.9)

where UO(τ) = exp(−iτa†jaj) and d = 0 or 1. Note, when d = 0 we recover

Eq. 7.1.

With this we can rewrite the likelihood function as

P (d| ⟨nj(t)⟩ ; τ) = δd,0 +
(−1)d

2
(cos τ − 1) ⟨nj(t)⟩ (7.10)

This can be compared with Eq. 7.1 in the case that d = 0.

The results of Bayesian inference are shown in Fig. 7.2(c)(f). Bayesian inference

has good performance within a wide range of the time domain except at the boundary

of the estimated domain e.g. when the density is one or zero. This is based on

numerical evidence since the majority of the points at or near the boundary of the

estimation domain needed to be discarded when cleaning the data as discussed below.

Unlike harmonic inversion, τ in the phase estimation circuit is not required to be

evenly spaced. Another advantage of Bayesian inference is that we do not need to

know the exact form of the function to be estimated a priori. The bayesian inference

could also be applied to estimate more general parameters.

Comparison

To quantify the accuracy of these density extraction methods, we employ the L1

norm to measure the deviation from the Trotter solution. For discrete data points,

the deviation is given by the loss function on the density at the first site: L =
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∑N
k |ñ1(tk)−n1(tk))|/N , where ñ1(tk) is the outcome of the measurement at time tk,

n1(tk) is the solution of the Trotterized Hamiltonian.

Figure 7.3: Loss function versus the number of measurements of the quantum computer
(trials) in both 4-orbital model and 8-orbital model. Red diamonds, black triangles and blue
circles are drawn from harmonic inversion, Bayesian inference and Z-basis measurement
respectively.

Fig. 7.3 shows how the loss function scales with the number of trials for each of the

three approaches. The convergence rate for determining the bias of a coin would be

0.5 but here additional measurement error has been introduced into the model which

prevents L = 0 situation even with an infinite number of samples. Further, in our

implementation, the Bayesian and harmonic inversion techniques sometimes reported

anomalously poor estimates of the density at a given time. A single fluctuation of

this type along the time trace of the density entirely dominates the loss function.

For the sake of comparison, we did not include the data points that are 5σ away

from the exact solution in all three methods. This led to more stable results when

the number of trials is small. Another benefit of filtering the data is that for the

Bayesian inference, estimates close to the boundary of the domain are subject to large

fluctuations giving poor estimates. So we can exclude the wrong data points by setting

a 5σ window. Although the discarding procedure is ad hoc and requires knowing the

exact answer, we have tested our data at various levels of cutoff finding that at

any fixed cutoff harmonic inversion had the most points discarded and consistently
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displayed marginally faster convergence rates.

Fig. 7.3(a) shows the scaling of the loss function of the 4-orbital model. The slopes

of the fitting lines are -0.4961, -0.3747 and -0.4103 respectively. Points 5σ away from

the exact density under the Trotter approximation are not used for calculating the

loss function. This resulted in 73.87%, 87.26% and 90.07% of points used in the

plotted data respectively.

Fig. 7.3(b) shows the scaling of the loss function of the 8-orbital model. The slopes

of the fitting lines are -0.4346, -0.4595 and -0.4184 respectively. Points 5σ away from

the exact density under the Trotter approximation are not used for calculating the

loss function. This resulted in 80.53%, 84.40% and 93.20% of points used in the

plotted data respectively.

Harmonic inversion measures 40 times more than the other two methods, so the

actual data and fitting line should be shifted to the right by 40 times the number of

measurements shown in the figure.

Regardless of the possible improvement in convergence, it should be reminded that

the harmonic inversion technique uses many quantum computer queries to estimate

P (0|τ, t) at variable τ before inferring the density at a fixed time t. In comparing

the three methods, all require time evolution of the system wave function to time

t. In the harmonic inversion and Bayesian estimation techniques, additional gates

are needed for the τ propagation under the observable for density. The difference

between queries in harmonic inversion and Bayesian inference is the selection of the

τ parameter in UO(τ).

While the convergence rates are all approximately the same, it is clear that the

Z-basis measurement has the best performance in terms of the number of queries of

the quantum computer. In the case considered here, the direct Z measurements are

convenient for the Jordan-Wigner encoding. In other circumstances with different
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fermion-to-spin transforms, the direct measurement technique may not be as fruitful.

For existing and near-term quantum devices, the constraints of low circuit depth

suggest direct measurement of the Z operators as the best path forward when using

a Jordan-Winger transformed qubit Hamiltonian.

The runtime of these three methods also varies. Since direct Z-measurements

are the simplest from an inference point of view, the classical computation time is

also the least. Bayesian inference requires many steps for the sequential Monte Carlo

to converge [224]. Consequently, this method used the longest amount of classical

computational time. Although harmonic inversion uses 40 times more measurement

per time-point, it is interesting to note that it only took an intermediate amount of

classical processing time.

Section 7.4

Conclusions

We have tested three different methods of measuring the on-site density operator for

a toy model inspired by TDDFT. We were able to conclude that direct Z measure-

ments obtain the best estimates of the on-site density for a given number of quantum

computer queries. This is based on the use of the Jordan-Wigner transform and sim-

ulated measurement noise. Of course, we could have considered other fermion-to-spin

transforms which lead to different encodings of the a†iai.

For improving our noise models, we can do no better than testing our circuits on

current and future quantum devices. We tested our circuits on Rigetti’s quantum

device but found that the loss function depends heavily on which qubits are used

as well as the permutation of qubit labels within the circuit. Time evolution under

the full Hamiltonian did not return any signal even when using only one first-order

Trotter step. We therefore resorted to using a truncated Hamiltonian which included
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the one-body Hamiltonian and only the Coulomb-like (hijji) terms of the two-body

Hamiltonian. After encoding and exponentiation, this Hamiltonian results in 66 uni-

versal gates and compiled non-deterministically using the PyQuil package [219] to

approximately 200 allowable gates on the Rigetti device. Due to decoherence, only a

weak signal was present where amplitudes recovered were between three and twenty

percent of the exact solution. The recovered amplitude depended mostly on qubit

selection but also changed run-to-run. The frequency and sinusoidal shape of the

signal was recovered more reliably. In our present study, the eigenenergies were not

interesting but we suspect that problems that depend on the frequencies may be more

successfully calculated on the current Rigetti device.

We plan to continue our inquiry into the TDDFT potential inversion problem using

existing and forthcoming quantum technology. Tasks that avoid QMA-hard[226] state

preparation problems will continue to be of interest to those looking for new applied

areas of quantum computation.
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Chapter 8

Conclusions and Future Directions

Conclusions This thesis presented a range of strategies that incorporate prior phys-

ical knowledge into machine learning. We employed these strategies to devise inno-

vative machine-learning techniques for atomistic simulations and electronic structure

calculations.

In this chapter, we revisit the machine learning methods for electronic structure

calculations and atomistic simulations developed in the thesis and present a few future

directions.

1. Machine learning for atomistic simulations:

In our research, we developed a physically interpretable graph neural network inter-

atomic potential. The ultimate goal of employing machine learning in developing

interatomic potentials is to design a model that combines the efficiency of empiri-

cal potentials with the precision of ab-initio calculations. However, achieving this

goal is not as straightforward as inputting atom positions into a machine learning

model and expecting accurate results. Instead, we must incorporate the correct

physical knowledge from a molecular or material system into the machine learning

models. In Graph-EAM, we achieved this in the following ways:
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• Using graph neural networks to enforce permutation invariance.

• Employing invariant descriptors to incorporate translation and rotation in-

variances.

• Designing an empirical-potential-inspired model architecture.

These strategies can help reduce the number of model parameters and improve the

accuracy of model predictions.

Our research has shown that the inclusion of rotation-invariant descriptors, which

encode the angular information, plays a pivotal role in enhancing the performance

of our machine learning model, Graph-EAM. By integrating angular information,

we were able to significantly improve the accuracy of the model’s prediction. More-

over, our findings suggest that using Legendre polynomials is the optimal approach

to embed the angular information within the three-body term. The technique

used to create rotation-invariant three-body features can be extended to establish

higher-order terms. These higher-order features can be integrated into the model

when angular information is insufficient for modeling the PES.

2. Machine learning for electronic structure calculations:

In Chapter 6, we developed a neural network to model the one-to-one mapping

between the electron density and the energy functional in the time-dependent

density functional theory. The energy functional was trained purely with the time

evolution of the electron density. The method we developed provides a practi-

cal machine-learning solution to estimating the energy functional as well as the

Kohn-Sham potential. Compared to many other machine learning approaches,

this method does not rely on any explicit data about the precise Kohn-Sham po-

tential. The downside of the method is that the accuracy of the machine-learned

Kohn-Sham potential is not high, which leaves room for improvement.
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Future directions There are several promising directions as we look ahead.

1. Constructing a high-quality open-source database:

The quality of machine learning models is highly dependent on the data qual-

ity. High-quality data can significantly improve the model performance. This

high-quality data can be collected from DFT calculations, quantum-mechanical

calculations, and even experimental results. There is a strong incentive to con-

struct a database populated with high-quality ab-initio calculation results. The

creation of such a database would be an invaluable resource for researchers across

various disciplines, including quantum physics, quantum chemistry, and materials

science.

2. Including system-specified symmetry features:

While general translation, rotation, and permutation symmetries are universally

applicable across all structures, individual structures can also exhibit unique,

system-specific symmetries, such as point group symmetry. Incorporating these

specific symmetries into our model can better capture the system’s underlying

physics. One of our future goals is to develop a separate module within Graph-

EAM that allows for the inclusion of customized symmetry features. This enhance-

ment would be valuable for researchers applying machine learning to atomistic

simulations.

3. Encoding the chemical information of a material system:

Currently, Graph-EAM does not include the chemical information of atoms and can

only represent the interatomic potential for single-element systems. The chemical

information can be very critical in a multi-element system because the local envi-

ronment for atoms with different element types should be different. The chemical
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information can be included in Graph-EAM by adding layers encoding the chemi-

cal information of each atom, which will be very promising to further improve the

generalizability and accuracy of Graph-EAM. One open question with this idea is

how to represent the multi-element structure in a graph and what is the optimal

way to encode the chemical information into machine learning?

Addressing these questions will offer a chance for additional refinement.

4. Embracing active learning:

Machine-learning models are better at interpolation than extrapolation. When

encountering unseen data points, machine-learning models might generate ab-

surd predictions. Therefore, it is important to establish efficient and effective

approaches for assessing the confidence level of model predictions.

One promising approach is to combine machine learning techniques with ab-initio

calculations in a hybrid mode. When the model generates a low-confidence predic-

tion, ab-initio calculations can be employed to generate the correct results. This

process, known as active learning, allows for the continuous refinement and im-

provement of the machine learning model by incorporating these newly ab-initio

calculated results into the training set. The active learning framework can ef-

fectively balance computational efficiency and accuracy, making it suitable for

large-scale industrial applications.

We anticipate that integrating active learning strategy can be integrated into the

development of Graph-EAM, making it more suitable for general atomistic simu-

lations.

5. Including memory effect:

We have mentioned in Chapter 6 that the memory effect can be taken into con-

sideration to improve the model performance. Moving forward, we aim to evolve
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our current model architecture to one that is able to handle time series data.

This could involve the use of recurrent neural networks (RNNs) or long short-term

memory (LSTM) networks, which are particularly effective at capturing temporal

dynamics.
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Appendix A

Symmetrized basis functions and

Jacobians for Graph-EAM

Section A.1

Jacobians of the node feature vector and the

edge feature vector

We only calculate the gradients of the node feature vector in this part since the node

feature vector is a summation of its neighboring edge feature vectors ni =
∑

j∈Ni
eij

A.1.1. Baseline model

The node feature of atom i is given by

ni =
∑
j

fs(rij) exp(−βr2ij). (A.1)

where fs(r) is defined in Eq. 5.3. We denote gi,j = fs(rij) exp(−βr2ij) under the

summation notation.
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The Jacobian with respect to atom j’s position is given by

∂gi,j

∂rj
= −2 exp(−βr2ij) ⊙

{(
1 − rij

rcut

)3 [
2

rcut
+ βmrij

(
1 − rij

rcut

)]
rj − ri
rij

}
, (A.2)

and the Jacobian with respect to atom i’s position is
∂gi,j
∂ri

= −∂gi,j
∂rj

A.1.2. Angular model

We will only show the calculation for node feature vectors of this type:

ni,angle =
∑
j∈Ni

∑
k∈Ni,k ̸=j

gij ⊙ gik cosm θjik. (A.3)

All the other node feature constructions could be written as a linear combination of

them.

We apply the chain rule to find the gradients of the node feature vector,

∂ni,angle

∂rj
=
∑
j∈Ni

∑
k∈Ni,k ̸=j

∂gij

∂rj
⊙ gik cosm θjik + gij ⊙ gik

∂ cosm θjik
∂rj

. (A.4)

∂ni,angle

∂rk
can be calculated by swapping j and k in Eq. A.4. The gradients calculation

with respect to ri is given by

∂ni,angle

∂ri
= −∂ni,angle

∂rj
− ∂ni,angle

∂rk
. (A.5)
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Each individual term in the above equations is calculated explicitly as

∂gi,j

∂rj
= −2 exp(−βr2ij) ⊙

{(
1 − rij

rcut

)3 [
2

rcut
+ βmrij

(
1 − rij

rcut

)]
rj − ri
rij

}
, (A.6)

cos θjik =
rij · rik
rij · rik

, (A.7)

∂ cos θjik
∂rj

=
rik

rij · rik
− cos θjik

rij
r2ij
, (A.8)

∂ cos θjik
∂rk

=
rij

rij · rik
− cos θjik

rik
r2ik
. (A.9)

Section A.2

Atomic cluster basis and Legendre polynomials

To understand the node features used in graph-EAM, we consider the atomic cluster

expansion proposed in Ref. [78] and use Gaussian functions to express the radial part

of the expansion

Ai,lm ({r1, . . . , rN}) =
∑
j∈Ni

exp
(
−βr2ij

)
Y m
l (r̂ij) . (A.10)

Here Y m
l is the spherical harmonics function, and r̂ij =

rij
rij

is the direction vector. To

obtain higher order basis functions, (following the formulation in Ref. [78]) we take

the product of the above first order basis functions,

Ai,lm ({r1, . . . , rN}) =
∏
lα,mα

Ai,lαmα ({r1, . . . , rN}) . (A.11)

To keep the rotational invariance, the basis functions constructed above need to

be symmetrized over SO(3) group, which can be done by the following integration,

Bi,lm ({r1, . . . , rN}) =

∫
g∈SO(3)

dg Ai,lm ({gr1, . . . , grN}) . (A.12)
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The integration for the first order symmetrized basis function is given by

Bi =
∑
j∈Ni

exp
(
−βr2ij

) ∫
g∈SO(3)

dg

l∑
m′=−l

Dl
m′m(g)Y m

l (r̂ij)

=
∑
j∈Ni

exp
(
−βr2ij

)
Y 0
0 (r̂ij)

=

√
1

2π

∑
j∈Ni

exp
(
−βr2ij

)
.

(A.13)

The second order symmetrized basis function is given by

Bi,l =
∑

j,k∈Ni

exp
(
−β
(
r2ij + r2ik

)) ∫
g∈SO(3)

dg

l1∑
m′=−l1

l2∑
m′′=−l2

Dl1
m′m1

(g)Dl2
m′′m2

(g)Y m′

l1
(r̂ij)Y

m′′

l2
(r̂ik)

=
∑

j,k∈Ni

exp
(
−β
(
r2ij + r2ik

)) l1∑
m′=−l1

8π2

2l1 + 1
(−1)m1−m′

Y m′

l1
(r̂ij)Y

−m′

l1
(r̂ik)

∝ 1

2l + 1

∑
j,k∈Ni

exp
(
−β
(
r2ij + r2ik

))
Pl1(cos θjik).

(A.14)

The derivations in Eq. A.13 and A.14 used the following properties of spherical

harmonics, Legendre polynomials, and Wigner D-matrix.

Y m
l (gr̂) =

l∑
m′=−l

Dl
m′m(g)Y m′

l (r̂), (A.15)∫
g∈SO(3)

dg Dl
m′m(g) = δl,0δm,0δm′,0, (A.16)∫

g∈SO(3)

dg Dl1
m′m1

(g)Dl2
m′′m2

(g) =
8π2

2l1 + 1
(−1)m1−m′

δm1,−m2δm′,−m′′δl1,l2 , (A.17)

Pl(cos θjik) =
l∑

m′=−l

4π

2l + 1
(−1)m

′
Y m′

l (r̂ij)Y
−m′

l (r̂ik) . (A.18)
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The first few orders of Legendre polynomials are:

P0(x) = 1, (A.19)

P1(x) = x, (A.20)

P2(x) =
1

2
(3x2 − 1). (A.21)
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Section A.3

Schrödinger equation and Hamilton’s equations

In this part, we show the relation between the Schrödinger equation and Hamilton’s

equations. For convenience, we want to write Hamilton’s equation into a compact

form in terms of complex variables. In classical mechanics, given a Hamiltonian H,

the dynamics of the system can be determined by Hamilton’s equation:

∂H
∂p

= q̇ (A.22)

∂H
∂q

= −ṗ, (A.23)

where q and p are the canonical coordinates in phase space. By rewriting z = 1√
2
(q+

ip) and z∗ = 1√
2
(q − ip), we can transform the derivatives into the following form:

∂

∂z
=

∂

∂q

∂q

∂z
+

∂

∂p

∂p

∂z
=

1√
2

(
∂

∂q
− i

∂

∂p
) (A.24)

∂

∂z∗
=

∂

∂q

∂q

∂z∗
+

∂

∂p

∂p

∂z∗
=

1√
2

(
∂

∂q
+ i

∂

∂p
). (A.25)

Thus we can write Hamilton’s equations in a tighter form,

iż =
∂H

∂z∗
. (A.26)

Now let’s look at the Schrödinger’s equation:

i
d

dt
|Ψ(t)⟩ = Ĥ |Ψ(t)⟩ . (A.27)
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Given the basis states |k⟩ , k = 0, 1, . . ., the wave function can be expanded as

|Ψ(t)⟩ =
∑
k

ck(t) |k⟩ . (A.28)

Thus, we obtain the matrix differential equation in terms of the coefficients vector,

c(t) = [c1(t), · · · , cn(t)]T

iċ = Hc, (A.29)

where H is the matrix representation of the Hamiltonian Ĥ with its entries being

Hij = ⟨i|Ĥ|j⟩.

By defining H(c) = ⟨Ψ(t)|Ĥ|Ψ(t)⟩ = c†Hc[177], the Schrödinger’s equation can

be transformed as,

iċ =
∂H(c)

∂c†
, (A.30)

which is consistent with the classical Hamilton’s equation.

Section A.4

Kohn-Sham equations and Hamilton’s equations

We prove Hamilton’s equations in Kohn-Sham system in this part. The Kohn-Sham

equations are given by,

i
∂

∂t
|ϕm(t)⟩ = ĤKS[n(t)] |ϕm(t)⟩ ,m = 1, 2, . . . , (A.31)

where N is the number of electrons, and n(t) =
∑N

m=1 |ϕm(t)|2.

In Section 6.2.2, we have shown the Kohn-Sham equation can be written as a

differential equation in terms of the vector coefficients cm, given the basis functions

{si(r) = ⟨r|i⟩}:

iċm = HKS[c]cm, (A.32)

159



where the matrix element at i-th row j-th column is given by:

(HKS[c])ij = ⟨i|T̂s[n(t)] + V̂H [n(t)] + V̂ext[n(t)] + V̂xc[n(t)]|j⟩ . (A.33)

To bridge Kohn-Sham equations and Hamilton’s equation, we need to find an

energy functional HKS[c], such that ∂HKS [c]

∂c†m
= HKS[c]cm.

Under the adiabatic approximation, the energy functional corresponding to the

system isHKS[n] = TS[n]+Eext[n]+EH [n]+Exc[n], where n(c; r) =
∑

m,i,j c
∗
imcjms

∗
i (r)sj(r)

is the electron density mentioned in the main text.

Therefore, the four terms in the energy functional expansion can be calculated

below:

(a) Kinetic energy:

Ts[n] =
∑

m

∑
i,j ⟨i|T̂s|j⟩ cjmc∗im (A.34)

∂Ts[n]
∂c∗im

=
∑

j ⟨i|T̂s|j⟩ cjm (A.35)

(b) External energy:

Eext[n] =
∑

m

∑
i,j ⟨i|V̂ext|j⟩ cjmc∗im (A.36)

∂Eext[n]
∂c∗im

=
∑

j ⟨i|V̂ext|j⟩ cjm (A.37)

(c) Hartree energy:

∂EH [n]

∂c∗im
=
∫

dr
∫

dr′ δEH [n]
δn(c;r′)

δ(r − r′)∂n(c;r)
∂c∗im

=
∑

j

∫
dr vH(r)cjms

∗
i (r)sj(r) =

∑
j ⟨i|V̂H |j⟩ cjm (A.38)
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(d) Exchange-correlation energy:

∂Exc[n]

∂c∗im
=
∫

dr
∫

dr′ δExc[n]
δn(c;r′)

δ(r − r′)∂n(c;r)
∂c∗im

=
∑

j

∫
dr vxc(r)cjms

∗
i (r)sj(r) =

∑
j ⟨i|V̂xc|j⟩ cjm (A.39)

Putting together the three terms, we have

∂HKS(c)

∂c∗m
= HKS[c]cm = iċm (A.40)

This concludes the proof of Eq. 6.10.

We can take a further step to show Eq. 6.16 ∂2HKS(c)
∂c∗mi∂cmj

− ⟨i|T̂s|j⟩ = ⟨i|V̂KS|j⟩.

Section A.5

Machine-learned potential scaling with number

of eigenstates in the dataset

We show that having more eigenstates included in the dataset results in more accurate

machine-learned Kohn-Sham potential. We examined this by training the neural

network on three different datasets. Each of the datasets includes 5, 10, and 15

eigenstates. The results are shown in Fig. A.1. The three machine-learned Kohn-

Sham potentials in the three figures share a similar trend. All of them capture

the general feature of the actual Kohn-Sham potential and show deviations on the

boundary of the system. The gap between the machine-learned potential and the

exact potential on the boundary closes when more eigenstates are included.
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Figure A.1: Including more eigenstates in the training set increases the accuracy of the
machine-learned potential. From left to right: (a) 5 eigenstates in the training set, (b) 5
eigenstates in the training set, (c) 5 eigenstates in the training set
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[79] Martin H. Müser, Sergey V. Sukhomlinov, and Lars Pastewka. Interatomic

potentials: achievements and challenges. Advances in Physics: X, 8(1), Nov

2022.

[80] Gustav Mie. Zur kinetischen theorie der einatomigen körper. Annalen der

Physik, 316(8):657–697, 1903.

[81] Anthony Stone. The Theory of Intermolecular Forces. Oxford University Press,

Jan 2013.

[82] R. A. Buckingham. The classical equation of state of gaseous helium, neon and

argon. Proceedings of the Royal Society of London. Series A. Mathematical and

Physical Sciences, 168(933):264–283, Oct 1938.

[83] Frank H. Stillinger and Thomas A. Weber. Computer simulation of local order

in condensed phases of silicon. Physical Review B, 31(8), Apr 1985.

[84] Murray S. Daw and M. I. Baskes. Semiempirical, quantum mechanical calcula-

tion of hydrogen embrittlement in metals. Phys. Rev. Lett., 50:1285–1288, Apr

1983.

[85] Murray S. Daw and M. I. Baskes. Embedded-atom method: Derivation and

application to impurities, surfaces, and other defects in metals. Phys. Rev. B,

29:6443–6453, Jun 1984.

[86] Murray S. Daw, Stephen M. Foiles, and Michael I. Baskes. The embedded-

atom method: a review of theory and applications. Materials Science Reports,

9(7):251–310, 1993.

[87] M. J. Stott and E. Zaremba. Quasiatoms: An approach to atoms in nonuniform

electronic systems. Physical Review B, 22:1564–1583, August 1980.

174



BIBLIOGRAPHY

[88] Jörg Behler. Atom-centered symmetry functions for constructing high-

dimensional neural network potentials. The Journal of Chemical Physics,

134(7):074106, 2011.

[89] Felix A. Faber, Anders S. Christensen, Bing Huang, and O. Anatole von Lilien-

feld. Alchemical and structural distribution based representation for universal

quantum machine learning. J. Chem. Phys., 148(24):241717, June 2018.

[90] Anders S. Christensen, Lars A. Bratholm, Felix A. Faber, and O. Anatole von

Lilienfeld. FCHL revisited: Faster and more accurate quantum machine learn-

ing. J. Chem. Phys., 152(4):044107, January 2020.
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The design space of e(3)-equivariant atom-centered interatomic potentials, 2022.

[141] A. van de Walle and G. Ceder. Automating first-principles phase diagram

calculations. Journal of Phase Equilibria, 23(4):348, 2002.

[142] A. van de Walle, M. Asta, and G. Ceder. The alloy theoretic automated toolkit:

A user guide. Calphad, 26(4):539–553, 2002.

[143] Atsuto Seko, Akira Takahashi, and Isao Tanaka. Sparse representation for a

potential energy surface. Physical Review B, 90(2):024101, 2014.

182



BIBLIOGRAPHY

[144] Akira Takahashi, Atsuto Seko, and Isao Tanaka. Conceptual and practical bases

for the high accuracy of machine learning interatomic potentials: application

to elemental titanium. Physical Review Materials, 1(6):063801, 2017.

[145] A.P. Thompson, L.P. Swiler, C.R. Trott, S.M. Foiles, and G.J. Tucker. Spec-

tral neighbor analysis method for automated generation of quantum-accurate

interatomic potentials. Journal of Computational Physics, 285:316–330, 2015.

[146] Mitchell A. Wood and Aidan P. Thompson. Extending the accuracy of the snap

interatomic potential form. The Journal of Chemical Physics, 148(24):241721,

2018.

[147] Richard D. Bardo and Klaus Ruedenberg. Even-tempered atomic orbitals. vi.

optimal orbital exponents and optimal contractions of gaussian primitives for

hydrogen, carbon, and oxygen in molecules. The Journal of Chemical Physics,

60(3):918–931, 1974.

[148] Ernest R. Davidson and David Feller. Basis set selection for molecular calcula-

tions. Chemical Reviews, 86(4):681–696, 1986.

[149] Jörg Behler. Atom-centered symmetry functions for constructing high-

dimensional neural network potentials. The Journal of Chemical Physics,

134(7):074106, 2011.

[150] Hao Li, Zheng Xu, Gavin Taylor, Christoph Studer, and Tom Goldstein. Vi-

sualizing the loss landscape of neural nets. In Neural Information Processing

Systems, 2018.

[151] R. E. Wengert. A simple automatic derivative evaluation program. Commun.

ACM, 7(8):463–464, aug 1964.

183



BIBLIOGRAPHY

[152] Atilim Gunes Baydin, Barak A. Pearlmutter, Alexey Andreyevich Radul, and

Jeffrey Mark Siskind. Automatic differentiation in machine learning: a survey.

Journal of Machine Learning Research, 18(153):1–43, 2018.

[153] Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gre-

gory Chanan, Trevor Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga,

Alban Desmaison, Andreas Kopf, Edward Yang, Zachary DeVito, Martin Rai-

son, Alykhan Tejani, Sasank Chilamkurthy, Benoit Steiner, Lu Fang, Junjie

Bai, and Soumith Chintala. Pytorch: An imperative style, high-performance

deep learning library. In Advances in Neural Information Processing Systems,

volume 32, 2019.

[154] Matthias Fey and Jan E. Lenssen. Fast graph representation learning with

PyTorch Geometric. In ICLR Workshop on Representation Learning on Graphs

and Manifolds, 2019.

[155] Ilya Loshchilov and Frank Hutter. Fixing weight decay regularization in adam.

ArXiv, abs/1711.05101, 2017.

[156] De-en Jiang, Michael Walter, and Sheng Dai. Gold sulfide nanoclusters: A

unique core-in-cage structure. Chemistry – A European Journal, 16(17):4999–

5003, 2010.

[157] V. Fung and D. E. Jiang. Exploring structural diversity and fluxionality of

pt-n (n=10-13) clusters from first-principles. Journal of Physical Chemistry C,

121(20):10796–10802, 2017.

[158] John P. Perdew, Kieron Burke, and Matthias Ernzerhof. Generalized gradient

approximation made simple. Phys. Rev. Lett., 77:3865–3868, Oct 1996.

184



BIBLIOGRAPHY

[159] Y. Mishin, M. J. Mehl, D. A. Papaconstantopoulos, A. F. Voter, and J. D. Kress.

Structural stability and lattice defects in copper: Ab initio, tight-binding, and

embedded-atom calculations. Phys. Rev. B, 63:224106, May 2001.

[160] S. M. Foiles, M. I. Baskes, and M. S. Daw. Embedded-atom-method functions

for the fcc metals cu, ag, au, ni, pd, pt, and their alloys. Phys. Rev. B, 33:7983–

7991, Jun 1986.

[161] Byeong-Joo Lee, Jae-Hyeok Shim, and M. I. Baskes. Semiempirical atomic

potentials for the fcc metals cu, ag, au, ni, pd, pt, al, and pb based on first

and second nearest-neighbor modified embedded atom method. Phys. Rev. B,

68:144112, Oct 2003.
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