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Abstract

The demand for accurate and efficient atomistic simulations and electronic structure
calculations in materials science and quantum chemistry has motivated the develop-
ment of novel computational methodologies. The rapid evolution of machine learning
has brought new techniques for advancing the accuracy, efficiency, and predictive
power of atomistic simulations and electronic structure calculations.

In this thesis, we explore the symmetry requirements and physics intuitions needed
for developing machine-learning interatomic potentials, which are the most criti-
cal component in atomistic simulations. Specifically, we introduce a novel physics-
inspired graph neural network interatomic potential that enables accurate and effi-
cient atomistic simulations of complex materials. The machine learning interatomic
potential is trained on multiple datasets of ab initio quantum mechanical calcula-
tions, capturing the atomic environment and energy landscapes of various materials.
We also show that the machine learning interatomic potential accurately models the
potential energy surface with ab initio accuracy while substantially reducing compu-
tational costs compared to ab initio calculations.

We also employ machine learning techniques to examine the time-dependent Kohn-
Sham system. This non-interacting, single-particle model corresponds to interacting
electronic systems in time-dependent density functional theory. We derive a “clas-
sical” form of the Kohn-Sham equations under the adiabatic approximation, which

serves as the basis for constructing a neural network that maps time-dependent elec-

i



tron density to the Kohn-Sham energy functional. We also show that the machine-

learned energy functional effectively reproduces the evolution of electron density.
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Chapter 1

Introduction

Section 1.1

Overview

Over the last decade, machine learning algorithms have achieved impressive break-
throughs. In 2016, AlphaGo[7] marked a milestone as the first machine learning-
powered program to defeat the best human player in the game of Go, which was be-
lieved to be impossible due to the game’s enormous search space. In 2021, AlphaFold[§],
which is a neural-network-based program for predicting the 3D structure of a protein
from the amino acid sequence, demonstrated accuracy comparable to experimental
results. In 2022, the large-language-model ChatGPT[9] significantly extended the
boundaries of what’s possible with artificial intelligence in natural language process-
ing. These achievements in gaming, bioinformatics, and natural language processing
are just a few examples of the transformative power of machine learning.

Despite these milestones, a range of shortcomings in machine-learning algorithms
has been recognized by machine learning researchers. One critical shortcoming is a
lack of interpretability. For most of the machine learning applications used in com-

puter science, they are treated as “black boxes”, which means that we can get answers



to questions, but we don’t know the mechanism behind them. This shortcoming can
often lead to absurd predictions when we want to apply machine learning to physics.
The reason lies in the fact that these “black boxes” are unable to capture the un-
derlying physics of a system, which is usually guided by concise intrinsic physical
symmetries or compact physical equations. One natural idea here is that if the prior
physical knowledge can be properly incorporated into machine learning, the model
should be able to gain much more interpretability. Therefore, the urgent question to
be answered is: How do we effectively incorporate physical knowledge into machine
learning?

This dissertation will attempt to answer this question from multiple perspectives.
To narrow down the scope of discussion, we will be focused on machine learning in
atomistic simulations and electronic structure calculations. In this dissertation, I will
show how to incorporate the correct physics into machine learning models and use
them to advance atomistic simulations and electronic structure calculations, not just
in computational speed but also in accuracy.

Atomistic simulations and electronic structure calculations are computational
techniques that allow us to model and predict the property of molecules and ma-
terials. In today’s world, these computations are executed on many supercomputers
to predict material properties, design materials, facilitate drug discovery, and more.
Ideally, the solution to the many-body Schrodinger equations associated with the
many-body system provides a comprehensive understanding of the system’s prop-
erty. However, the reality is that directly solving Schrodinger equations encounters
an “exponential wall”[I0], a term that refers to the computational complexity that
exponentially increases with the size of the system. Therefore, various significant
computational chemistry approaches have been proposed depending on the scale of

the system under study.



For small-scale molecular systems, ab-initio methods, including Hartree-Fock meth-
ods and some post-Hartree-Fock methods, and density functional theory (DFT) (see
Chapter |3) are commonly employed to calculate the electronic structure of the molec-
ular system. These methods do not scale exponentially with the number of atoms
in the system and can precisely model electronic structures, allowing us to simulate
systems with a few hundred or thousands of atoms. But these methods can still be-
come computationally expensive for larger systems due to their complexity ranging
from O(N3) to O(N7), where N is the number of atoms in the system. The large
number of atoms in the system and the higher-order polynomial scaling leave space
for machine learning. Here in this regime, machine learning models can be employed
to do optimizations for faster and more accurate calculations.

For larger systems, such as biomolecules or materials, molecular dynamics simu-
lations (MD) are typically used. MD simulations consider nuclear motion only and
implicitly include the electronic effects (therefore, it’s recognized as a type of atom-
istic simulation), making them less accurate for predicting certain properties but
significantly more efficient for large-scale simulations. Machine learning can aid these
methods by creating interatomic potentials or force fields, which can significantly
speed up simulations while keeping the accuracy at the same level as ab-initio meth-

ods and DFT simulations.

Section 1.2

Scope of the thesis

This thesis aims to explore the role of machine learning in electronic structure calcu-
lations and atomistic simulations. With the machine learning techniques developed
in the thesis, we hope to improve the accuracy and efficiency of electronic structure

calculations and atomistic simulations.



Chapter [2| will provide a comprehensive review of fundamental machine learning
concepts, laying the groundwork for the methodologies applied in subsequent chap-
ters.

Chapter 3| and {4| will provide a comprehensive review of electronic structure cal-
culations and a vital concept in atomistic simulation: interatomic potentials.

In addition, these chapters will introduce modern machine learning methods used
for constructing machine-learning-based interatomic potentials. This includes a dis-
cussion of practical physical considerations for constructing machine learning inter-
atomic potential models.

The content presented in the following chapters is based on both my published and
unpublished articles. Chapter [5| is dedicated to discussing Graph-EAM, a physics-
inspired graph neural network interatomic potential. While current deep learning
models used for constructing interatomic potentials demonstrate impressive accuracy,
their complexity and the huge number of learnable parameters diminish physical inter-
pretability and compromise the robustness of the resulting potential. In this chapter,
we propose Graph-EAM, a lightweight graph neural network (GNN) inspired by the
famous empirical embedded atom method to model the interatomic potential of single-
element structures. Four single-element systems for which quantum simulation data
sets are publicly available are examined to demonstrate that Graph-EAM can achieve
high accuracy comparable to or better than existing state-of-the-art machine learning
models with much fewer parameters. It is also shown that explicitly including the
angular information via three-body interactions significantly increases the prediction
accuracy. The accuracy and efficiency of potentials obtained from Graph-EAM can
help accelerate molecular dynamics simulations.

Chapter [6] introduces a machine learning method for developing Kohn-Sham po-

tentials based on the time evolution of electron density in time-dependent density



functional theory. This method provides a different perspective to investigate the
energy functional and Kohn-Sham potential through machine learning. Unlike many
machine-learning methods where the exact Kohn-Sham potentials are used for train-
ing the model, the model developed in this chapter purely depends on the evolution
of the electron densities.

Given the time evolution of the electron density, the energy functional can be
reproduced from the method developed in Chapter [ A method for deriving this
electron density is introduced in Chapter [7, where we will discuss a practical method
for obtaining the time evolution of electron density on quantum devices. In this
chapter, we compare and examine three methods of extracting the time-dependent
one-particle probability density from a quantum simulation: direct Z-measurement,
Bayesian phase estimation, and harmonic inversion. These methods have been tested
in the context of the potential inversion problem of time-dependent density functional

theory.



Chapter 2

Overview of Machine Learning

Section 2.1

Introduction

Machine learning (ML), a field that revolves around the development of algorithms
and models to make predictions and discover patterns from data[lI], has revolution-
ized numerous fields over the past decades. Its applications span a wide range of
areas, from computer vision and natural language processing to autonomous driving,
effecting significant changes in our world[9] 8, [12]. The revolution is not limited to
computer science; physicists are also actively involved in leveraging machine learning
for fundamental research.

The availability of “big data” in particle physics, experimental physics, and con-
densed matter physics has set up a perfect playground for machine learning. Beyond
using machine learning-assisted methods in their research, physicists also developed
many physics-inspired machine-learning algorithms. These innovative algorithms not
only advance the frontiers of physics but also contribute to the broader field of ma-
chine learning, providing valuable insights to computer scientists.

In this chapter, we will review some essential topics and basic concepts in ma-



chine learning, which will be useful for further discussions in the following chapters.
In terms of the purpose of a machine learning task, we can classify machine learn-
ing into three general categories: supervised learning, unsupervised learning, and
reinforcement learning[13], [11].

Supervised learning learns from labeled data. Typical problems involved in su-
pervised learning are regression and classification problems. Unsupervised learning
mainly handles the problems where labeled data is unavailable. It is most frequently
used in clustering and dimension reduction problems. Reinforce learning needs the
interaction between an agent and the environment, where an agent takes actions in
a given environment guided by maximizing a reward function|[I4]. In this disserta-
tion, the focus is primarily on supervised learning applications in physics, particularly
regression problems in physics.

In supervised learning, a dataset of n samples {x1, @, ..., x,} is given, where
x; € R? is an p-dimensional vector. A label y; € R? is given for each smaple x;.
The goal of supervised learning is to find a function fy : R? — R? parametrized by 0
that makes the best prediction on the dataset D = {(x1,y1), (€2, Y2), ..., (Tn, Yn)}
In practice, the dataset is often divided into two sets: most (90% or more, but not
all) of the samples in D will be partitioned into a training set D, for optimizing
the parameter @ in f. The remaining set is the test set Dy for evaluating the
performance of the function. The process of finding the optimized parameter 8 on

Dirain 18 called training which is done via optimizing a loss function (or cost function)
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be the stacking of all x; and y; in Dy, respectively, the output of the loss function
on the dataset is L(fo(X),y).
In regression problems, the most commonly used loss functions are the mean

absolute error (MAE) and the mean square error (MSE) loss functions, which are

defined as

MAE(@ nZHf 2 — il 21)
and

MSE®) = —— 3 I o(a) — wil2 2.9

Nyrain i=1

respectively. The loss function for classification problems usually takes the cross-

entropy

Ntrain

Cross-Entropy(0) = — Z yilog fo(xi) + (1 — i) log(1 — fo(:)).  (23)

Notice that in the cross-entropy equation, y; is a scalar whose value can be either 0

or 1.



Section 2.2

Optimization methods

During the training procedure, the loss function is minimized to get the optimized

parameters over the given dataset D, @p = argmin £(fg(X),y). The most broadly
0

used optimization method is the gradient descent (GD) method, where the parameters

0 are optimized iteratively by:
n (2.4)

where 7 is the learning rate (Ir) controlling the descending speed. The method is
related to Taylor’s expansion to the first order. There exist other methods using
higher-order Taylor’s expansions, but they usually suffer from low computational
efficiency issues and are rarely used.

Although GD is computationally cheaper than other higher-order optimization
methods, it may still require a huge amount of computational resources when dealing
with large datasets. Another limitation of GD is that it’s often trapped in local
minima.

To avoid these issues with GD, we often use stochastic gradient descent (SGD)
with mini-batches and their variants[I5} [16], instead of using GD directly. In each
iteration of a GD process, GD uses all n samples in the dataset to update the trainable
parameters, while in SGD, only a small portion of the dataset is used. This small
portion is called the mini-batch. Usually, we have a mini-batch of a fixed size M,
which is chosen to be much smaller than the size of the dataset n for computational

efficiency consideration. Thus the entire dataset is partitioned into n/M mini-batches



B;, with ¢ = 1,2,...,n/M. We use the gradients calculated in the min-batch to

replace the gradients in the entire dataset,
g+ — gt _ ‘i 3 Voli(6 (2.5)
€B;

If we take the expectation values of the parameters 8 in both Eq. and Eq. [2.4]
we can find SGD and GD are doing the same thing in a statistical point of view. But
the mini-batch idea significantly reduces the computational cost. An additional ben-
efit of using SGD is that stochasticity is incorporated by approximating the gradients
in the mini-batch, which enables the loss function to jump out when trapped in local
minima.

A useful variant of SGD involves adding the “momentum” term. With the “mo-

mentum” term, the new rule of updating the trainable parameters is given by

= ’y’U Z Vgl

’LEB (26)
0t+1 Ot

where 0 < v < 1 is the momentum parameter. SGD with momentum is usually more
powerful, especially in scenarios where the optimization landscape shows an elongated,
valley-like structure. Along directions where the curvatures are small, the gradient
descent takes tiny steps and progresses slowly. But in some other directions where
the curvature is high, rapid oscillations in the optimization process take place. This
special structure brings challenges to the optimization process. The “momentum”
term is capable of handling optimization problems in the special landscape. This
term offers an acceleration in the low-curvature direction, and a deceleration in the
high-curvature direction|[I1].

There are other SGD-based methods considering more sophisticated structures.

10



The most popular ones include AdaGrad[l7], Adam[I8], and AMSGrad[19], etc.
These methods add different fine tunings to the SGD methods, but the spirit of

“stochasticity” holds true for all of them.

Section 2.3

Bias-variance trade-off

In the process of optimization, we always hope to minimize the loss function. But
in practice, it’s not always the lower loss on the training set, the better. Sometimes
lowering the loss on a training set can lead to a rise in loss on the test set. This
phenomenon is because of overfitting, which is often because the model complexityﬂ
is too high.

In this section, we will discuss how to balance overfitting and underfitting within
the framework of the bias-variance trade-off. We explain the bias-variance trade-off
with a noisy model y = f(x) + € for data generation, where E[¢] = 0, E[e?] = o2.
We assume y € R to simplify the discussion in this section. We can use a machine
learning model fo(x) to approximate f(x), which is optimized with the MSE loss

function.

The expected model prediction error on an unseen data point @,y is measured by

Ecpl(y — fo(2))’] = Ecpl(f(z) + € = fo())’] (2.7)

This expectation can be expanded into the sum of three terms,

Ecpl(y — fo(2))’] = 0 +Ep [(f(z) — Ep[fo(2)])’] +Ep|(fo(x) — Ep[fe(x)])?],
(2.8)

I'model complexity in most cases refers to the number of trainable parameters.

11



where Ep is the expectation taken over different samplings and E. is the expectation

taken over the system noise. In Eq. , the first term o? is the irreducible error,

Error

Figure 2.1: Bias-variance trade-off: increasing the model complexity decreases the bias but
often increases variance. A high-bias-low-variance model indicates underfitting, while a
low-bias-high-variance model indicates overfitting. To find the optimal model, we need to
balance the bias-variance trade-off.

which originates from system noise that cannot be reduced by any machine learning
model.

The second term, the bias term, represents the deviation of the model predictions
from the true values of the target variable. A model with high bias often appears in
the underfitting region, indicating that the model is too simple and cannot capture
the complexity of the data.

The last term is the variance term, which measures the fluctuations over differ-
ent samplings. This term exists because the dataset is always finite, and machine
learning models can make predictions with differences when changing the dataset. A
model with a high variance tends to have a big difference in predictions over different

datasets, indicating that the model is overfitted. In the overfitting region, the model

12



can have a very good performance in the training set but a terrible performance in
the test set.

The total error shows a U-shape in the error-model complexity plot in Fig. 2.1}
In conventional machine learning, it is believed that the bias term decreases with the
model complexity while the variance term increases with the model complexity. But
recent researches[20), 21] find that in some deep learning models where the number of
parameters is much larger than the size of the training set, both bias and variance can
decrease with the increase of model complexity, which is called the double descent

phenomenon.

Section 2.4

Machine learning models

2.4.1. Linear regression

Linear regression is the simplest model, where a straightforward linear relationship

between the n X p input matrix X and the target output y is assumed:

ys=XB+b (2.9)

The above equation can be written more compactly by appending xy = 1 to each row

vector of X . Thus we obtain a new data matrix:

T
1,z

T
1,x;

S
I
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and a new coefficient vector:

Bo
B

B =

As a result, the linear model can be written as

y; = XB. (2.10)

For convenience, we will use yg = X3 to represent a linear model in the following
discussions.
The simplicity of linear regression enables the minimization of the MSE loss func-

tion £(8) = ||y — X B3 to have a closed-form solution:

B=(XTX)'XTy. (2.11)

Notice that Eq. holds true when X7 X is invertible. But there exist situations
when X7 X is not invertible, e.g., when the number of sampling points is less than
the dimension of the input vector n < p. In these situations, there are infinitely many
solutions to the minimization problem. To avoid the issue, a regularization term is
often added to the loss function. For example, adding the square of 3’s Ly norm leads

to the ridge regression:

L(B) = lly — XBl; + AlBII2 (2.12)

The resulting solution to the minimization problem is:

B=(XTX + )" XTy. (2.13)
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Linear models are a class of simple but powerful machine learning models that
describe the linear relationship between the inputs and the outputs. We will see
with examples in later chapters that linear models can provide efficient and accurate
solutions to physical problems. They also serve as the foundation of a variety of more

complex models.

2.4.2. Kernel methods

One major disadvantage of linear models is that they lack the ability to capture
nonlinear relationships, which is more commonly seen in nature. For example, the
relationship between gravitational force and position cannot be described by any
linear models.

Kernel methods provide an effective solution for determining the nonlinear re-
lationship between the inputs X and the output y. The idea of kernel meth-
ods is to map the original input vectors @; to a feature space via a feature map
o(x;) = [b1(x;), po(xs), . . ., O (x;)]T, and establish a linear model between the fea-
ture matrix

¢1(x1), p2(x1), . . ., dr (1)
¢1(x2), P2(x2), - . ., dr(T2)

$1(@n), o), - Ok (T0)

and y. ¢1, o, ..., ¢k are components of the feature map ¢ known as basis functions.

Thus the target is approximated by

yp = X3 (2.14)
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Similar to the linear regression situation, the loss function is minimized at
B=(X;Xy+ M) ' Xy, (2.15)
which can be rewritten as

B=XJ(XeX5+ M) 'y=X 6= ooz, (2.16)
=1
where & = (X¢ X + M) 'y.

For a new input vector x, the model prediction is given by

y(x) = d(@) B =) (Xi X+ M) ' Xgy =) ai{d(x) ¢(x)), (2.17)

i=1

where (,) is the inner product operator. The last identity in Eq. means the
model can be fitted with a linear combination of inner products, which measures the
similarity between a pair of feature vectors.

It is convenient to define a kernel function k(x;, ) = (¢(x;), d(x)). Thus the

model can be written as a linear combination of kernels

ylx) = Z(xik(wi,m). (2.18)

This expression indicates we can approximate the linear function without knowing the
explicit expression of the feature map ¢. In practice, directly calculating the feature
map can be extremely expensive because it may be defined in an infinite dimensional
space. Alternatively, we can use a kernel function to measure the similarity between

x and x;, which could reduce the computation cost significantly.
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Commonly used kernel functions include the polynomial kernel
k(xi, ;) = (@5, %) + ) (2.19)
and the Gaussian kernel

.2
k(2 ;) = exp [—w} , (2.20)
)

where p determines the width of the Gaussian packet.

2.4.3. Neural networks

Neural networks are nonlinear models inspired by the structure of the human brain.
The elementary unit of a neural network is a neuron. Neurons are organized into
layers. Based on their positions in a network, layers can be classified into input,
hidden, and output layers. The input layer accepts the data, the hidden layers perform
transformations on the input data, and the output layer produces the final predictions
or classifications. Layers are connected by a linear function w - + b followed by a
nonlinear activation function ¢. Such an input-hidden-output structure is proven to
have the ability to approximate any nonlinear function with arbitrary accuracy under
the universal approximation theorem. A graphical representation of the structure is
shown in Fig.[2.2] The commonly used nonlinear activation functions include sigmoid,
tanh, rectified linear unit (ReLU), leaky ReLU, and exponential linear unit (ELU).
Their expressions are listed in Table.

While the Universal Approximation Theorem asserts that neural networks can
approximate any function, it does not provide any assurances regarding convergence
speed. In practice, deep neural networks with multiple hidden layers have demon-

strated themselves to have better performance. However, as the networks go deeper,
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Hidden Layer
Input Layer

Input 1 Hidden 1

Figure 2.2: A graphical representation of a 3-layer neural network. Layers can be classified
into an input layer, a hidden layer, and an output layer.

Activation function o ‘ Expression
g i 1
igmoi
& 1+e®
Tanh e —e”
et +e” "
ReLU | max(0, x)
>0
leaky ReL,U oot
ar, <0
ELU x, x>0
e*—1, <0

Table 2.1: Commonly used activation functions.
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they may suffer from the vanishing/exploding gradient problem[22] 23] during the
training procedure, which can be addressed by a deep neural network architecture
with skip connection layers called residual network (ResNet)[24]. This special ar-
chitecture enables us to construct extremely deep neural networks with more than
100 layers and significantly increases the model performance. Since its introduction,
ResNet has gained immense popularity and has been adopted by many deep learning
models across various domains, including physics[25], 26| 27, 28], 29].

In section [6] we will introduce a method to investigate the Kohn-Sham potential

inversion problem in time-dependent density functional theory with neural networks.

2.4.4. Graph Neural networks

Traditional neural networks are good at handling structured data like grids and se-
quences. However, they may face limitations when dealing with irregular data struc-
tures, e.g., graphs. The node and edge counts may differ a lot for different samples,
which is the case for structured data. For example, in the image classification prob-
lem, all images can be reshaped into the same size, but any change in a graph’s node
or edge counts leads to a completely different graph. Additionally, traditional neural
networks are unable to capture the relational information hidden in graph-structured
data. Consequently, applying traditional neural networks to irregular data struc-
tures can lead to unexpected issues, as they are not specifically designed to work
with data in graph structures. Moreover, using graph representation can be used
to capture certain intrinsic invariant properties, such as invariance to node permu-
tations, which are crucial for certain problems. We will see an example of machine
learning interatomic potential to emphasize the importance of invariant properties
in Chapter [4f Graph Neural Networks (GNNs) have emerged as a powerful tool for
learning from graph-structured data to address these limitations. GNNs have been

extensively used to investigate social science, knowledge graphs, biology, chemistry,
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Figure 7.2: The expectation value of a{al is measured via (a) and (d) direct Z-basis mea-
surement, (b) and (e) harmonic inversion, and (c¢) and (f) Bayesian inference. The upper
panel is the result of 4-orbital model, the lower panel is the result of the 8-orbital model. All
of the data points are plotted against the exact Trotter solution depicted in as a continuous
line. In plot (c¢) and (f), the first point shows a large deviation from the Trotter solution
typical of the behavior of Bayesian inference whenever the exact density’s value is close to
one. Error bars shown in (a), (¢) and (d),(f) are two standard deviations about the mean.
The harmonic inversion does not have error bars because the error comes from two sources:
from the sampling error at different time 7 and from the reconstruction of the density using
harmonic inversion.
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obtain the expectation value of the density. The results based on 15 equally spaced
time-points with 3000 measurements at each fixed time are shown in Fig. [7.2(a)(d).
The exact time evolution of the density is also shown in the figure for comparison
along with error bars of 20 reflective of the N = 3000 sample variance of the binomial
distribution.

The simplicity of this measurement approach reduces the classical runtime to the
lowest of the three methods compared, and the convergence of the error bars is faster

than the Bayesian measurement discussed later.

7.3.2. Method 2: Harmonic inversion

Harmonic inversion is a technique of extracting the amplitudes A;, frequencies f;,

phases ¢; and exponential decay constants o out of a signal,

fr) =) AjertCrlim=éi e (7.6)
J

which is evenly sampled [221) 222]. The signal reconstructed from harmonic in-
version has the same form as the probability P(0|7) except for the decaying term
which is negligible when the decoherence is not considered. By comparing the form
of the reconstructed signal with the probability, we can obtain the density from the
reconstructed signal.

The results of density measurement through harmonic inversion are shown in
Fig.[7.2b)(e). Each point in Fig.[7.2b)(e) was computed through harmonic inversion
using the HarmInv package [223]. Because the local density operator a}?ap only has

eigenvalues zero and one, the measurement outcome has a simple form
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P(0]7, 1) = Ao(t) + Ay (t) (e 297 4 277 (7.7)

where Ag(t) = (2 — |e1(B)]?), A1 (t) = |1 ()[?/4, and f = 1/27.

1
2

7.3.3. Method 3: Bayesian inference

Bayesian inference can be used to estimate the density as well. As a powerful tool of
making inferences, Bayesian inference has wide applications. We applied Bayesian in-
ference to infer the unknown parameters in a quantum system which, in our case, is the
on-site density. The density estimation was implemented via sequential Monte Carlo
(SMC) [224]. This method requires the most communication between the classical
and quantum processors since the SMC suggests each 7-point based on the previous
outcomes. The Bayesian experimental design is based on the implementation found
in the QInfer package [225]. Bayesian inference gives the probability distribution of
a parameter over the parameter space. The final decision is made according to the
posterior probability P(0|d;,ds . ..dy), where 6 is the parameter we want to estimate,
d;’s are the outcome of each measurement. In the present application, § = (n;(t)).
Recall the Bayesian rule, the posterior probability is updated by carrying out

experiments sequentially,

P(O)dy, ds, . .. dy) ox ﬁP(dJ@)P(@) (7.8)

i=1

where P(6) is the prior probability, P(d;|f) is the likelihood function.
The likelihood function contains information about the parameters before con-

ducting any experiments. Since we know nothing before the experiment, we can
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initialize the prior with a uniform distribution over the parameter space. For the

phase estimation circuit of Fig. [7.1] the likelihood function is given by

P(d] (n;(t));7) = 5 + = (WO {Uo(7) + U (1)} (1)) (7.9)

where Up(T) = exp(—iTa;aj) and d = Oor 1. Note, when d = 0 we recover

Eq.[7]]

With this we can rewrite the likelihood function as

)d(COST — 1) (n;(t)) (7.10)

P(d] {ny(£)) :7) = 640 +

This can be compared with Eq. in the case that d = 0.

The results of Bayesian inference are shown in Fig. [7.2(c)(f). Bayesian inference
has good performance within a wide range of the time domain except at the boundary
of the estimated domain e.g. when the density is one or zero. This is based on
numerical evidence since the majority of the points at or near the boundary of the
estimation domain needed to be discarded when cleaning the data as discussed below.

Unlike harmonic inversion, 7 in the phase estimation circuit is not required to be
evenly spaced. Another advantage of Bayesian inference is that we do not need to
know the exact form of the function to be estimated a priori. The bayesian inference
could also be applied to estimate more general parameters.

Comparison

To quantify the accuracy of these density extraction methods, we employ the L,
norm to measure the deviation from the Trotter solution. For discrete data points,

the deviation is given by the loss function on the density at the first site: L =
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SV |7 (t) — na ()| /N, where 71 (t},) is the outcome of the measurement at time t,

n1(tg) is the solution of the Trotterized Hamiltonian.
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Figure 7.3: Loss function versus the number of measurements of the quantum computer
(trials) in both 4-orbital model and 8-orbital model. Red diamonds, black triangles and blue
circles are drawn from harmonic inversion, Bayesian inference and Z-basis measurement
respectively.

Fig. shows how the loss function scales with the number of trials for each of the
three approaches. The convergence rate for determining the bias of a coin would be
0.5 but here additional measurement error has been introduced into the model which
prevents L = 0 situation even with an infinite number of samples. Further, in our
implementation, the Bayesian and harmonic inversion techniques sometimes reported
anomalously poor estimates of the density at a given time. A single fluctuation of
this type along the time trace of the density entirely dominates the loss function.
For the sake of comparison, we did not include the data points that are 5o away
from the exact solution in all three methods. This led to more stable results when
the number of trials is small. Another benefit of filtering the data is that for the
Bayesian inference, estimates close to the boundary of the domain are subject to large
fluctuations giving poor estimates. So we can exclude the wrong data points by setting
a bo window. Although the discarding procedure is ad hoc and requires knowing the
exact answer, we have tested our data at various levels of cutoff finding that at

any fixed cutoff harmonic inversion had the most points discarded and consistently
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displayed marginally faster convergence rates.

Fig.|7.3|(a) shows the scaling of the loss function of the 4-orbital model. The slopes
of the fitting lines are -0.4961, -0.3747 and -0.4103 respectively. Points 50 away from
the exact density under the Trotter approximation are not used for calculating the
loss function. This resulted in 73.87%, 87.26% and 90.07% of points used in the
plotted data respectively.

Fig.|7.3|(b) shows the scaling of the loss function of the 8-orbital model. The slopes
of the fitting lines are -0.4346, -0.4595 and -0.4184 respectively. Points 50 away from
the exact density under the Trotter approximation are not used for calculating the
loss function. This resulted in 80.53%, 84.40% and 93.20% of points used in the
plotted data respectively.

Harmonic inversion measures 40 times more than the other two methods, so the
actual data and fitting line should be shifted to the right by 40 times the number of
measurements shown in the figure.

Regardless of the possible improvement in convergence, it should be reminded that
the harmonic inversion technique uses many quantum computer queries to estimate
P(0|7,t) at variable 7 before inferring the density at a fixed time ¢. In comparing
the three methods, all require time evolution of the system wave function to time
t. In the harmonic inversion and Bayesian estimation techniques, additional gates
are needed for the 7 propagation under the observable for density. The difference
between queries in harmonic inversion and Bayesian inference is the selection of the
7 parameter in Up(T).

While the convergence rates are all approximately the same, it is clear that the
Z-basis measurement has the best performance in terms of the number of queries of
the quantum computer. In the case considered here, the direct Z measurements are

convenient for the Jordan-Wigner encoding. In other circumstances with different
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fermion-to-spin transforms, the direct measurement technique may not be as fruitful.
For existing and near-term quantum devices, the constraints of low circuit depth
suggest direct measurement of the Z operators as the best path forward when using
a Jordan-Winger transformed qubit Hamiltonian.

The runtime of these three methods also varies. Since direct Z-measurements
are the simplest from an inference point of view, the classical computation time is
also the least. Bayesian inference requires many steps for the sequential Monte Carlo
to converge [224]. Consequently, this method used the longest amount of classical
computational time. Although harmonic inversion uses 40 times more measurement
per time-point, it is interesting to note that it only took an intermediate amount of

classical processing time.

Section 7.4

Conclusions

We have tested three different methods of measuring the on-site density operator for
a toy model inspired by TDDFT. We were able to conclude that direct Z measure-
ments obtain the best estimates of the on-site density for a given number of quantum
computer queries. This is based on the use of the Jordan-Wigner transform and sim-
ulated measurement noise. Of course, we could have considered other fermion-to-spin
transforms which lead to different encodings of the a]a;.

For improving our noise models, we can do no better than testing our circuits on
current and future quantum devices. We tested our circuits on Rigetti’s quantum
device but found that the loss function depends heavily on which qubits are used
as well as the permutation of qubit labels within the circuit. Time evolution under
the full Hamiltonian did not return any signal even when using only one first-order

Trotter step. We therefore resorted to using a truncated Hamiltonian which included
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the one-body Hamiltonian and only the Coulomb-like (h;;;;) terms of the two-body
Hamiltonian. After encoding and exponentiation, this Hamiltonian results in 66 uni-
versal gates and compiled non-deterministically using the PyQuil package [219] to
approximately 200 allowable gates on the Rigetti device. Due to decoherence, only a
weak signal was present where amplitudes recovered were between three and twenty
percent of the exact solution. The recovered amplitude depended mostly on qubit
selection but also changed run-to-run. The frequency and sinusoidal shape of the
signal was recovered more reliably. In our present study, the eigenenergies were not
interesting but we suspect that problems that depend on the frequencies may be more
successfully calculated on the current Rigetti device.

We plan to continue our inquiry into the TDDFT potential inversion problem using
existing and forthcoming quantum technology. Tasks that avoid QMA-hard[226] state
preparation problems will continue to be of interest to those looking for new applied

areas of quantum computation.
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Chapter 8

Conclusions and Future Directions

Conclusions This thesis presented a range of strategies that incorporate prior phys-
ical knowledge into machine learning. We employed these strategies to devise inno-
vative machine-learning techniques for atomistic simulations and electronic structure
calculations.

In this chapter, we revisit the machine learning methods for electronic structure
calculations and atomistic simulations developed in the thesis and present a few future

directions.

1. Machine learning for atomistic simulations:

In our research, we developed a physically interpretable graph neural network inter-
atomic potential. The ultimate goal of employing machine learning in developing
interatomic potentials is to design a model that combines the efficiency of empiri-
cal potentials with the precision of ab-initio calculations. However, achieving this
goal is not as straightforward as inputting atom positions into a machine learning
model and expecting accurate results. Instead, we must incorporate the correct
physical knowledge from a molecular or material system into the machine learning

models. In Graph-EAM, we achieved this in the following ways:
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e Using graph neural networks to enforce permutation invariance.

e Employing invariant descriptors to incorporate translation and rotation in-

variances.

e Designing an empirical-potential-inspired model architecture.

These strategies can help reduce the number of model parameters and improve the

accuracy of model predictions.

Our research has shown that the inclusion of rotation-invariant descriptors, which
encode the angular information, plays a pivotal role in enhancing the performance
of our machine learning model, Graph-EAM. By integrating angular information,
we were able to significantly improve the accuracy of the model’s prediction. More-
over, our findings suggest that using Legendre polynomials is the optimal approach
to embed the angular information within the three-body term. The technique
used to create rotation-invariant three-body features can be extended to establish
higher-order terms. These higher-order features can be integrated into the model

when angular information is insufficient for modeling the PES.

. Machine learning for electronic structure calculations:

In Chapter [6] we developed a neural network to model the one-to-one mapping
between the electron density and the energy functional in the time-dependent
density functional theory. The energy functional was trained purely with the time
evolution of the electron density. The method we developed provides a practi-
cal machine-learning solution to estimating the energy functional as well as the
Kohn-Sham potential. Compared to many other machine learning approaches,
this method does not rely on any explicit data about the precise Kohn-Sham po-
tential. The downside of the method is that the accuracy of the machine-learned

Kohn-Sham potential is not high, which leaves room for improvement.
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Future directions There are several promising directions as we look ahead.

1. Constructing a high-quality open-source database:

The quality of machine learning models is highly dependent on the data qual-
ity. High-quality data can significantly improve the model performance. This
high-quality data can be collected from DFT calculations, quantum-mechanical
calculations, and even experimental results. There is a strong incentive to con-
struct a database populated with high-quality ab-initio calculation results. The
creation of such a database would be an invaluable resource for researchers across
various disciplines, including quantum physics, quantum chemistry, and materials

sclence.

2. Including system-specified symmetry features:

While general translation, rotation, and permutation symmetries are universally
applicable across all structures, individual structures can also exhibit unique,
system-specific symmetries, such as point group symmetry. Incorporating these
specific symmetries into our model can better capture the system’s underlying
physics. One of our future goals is to develop a separate module within Graph-
EAM that allows for the inclusion of customized symmetry features. This enhance-
ment would be valuable for researchers applying machine learning to atomistic

simulations.

3. Encoding the chemical information of a material system:

Currently, Graph-EAM does not include the chemical information of atoms and can
only represent the interatomic potential for single-element systems. The chemical
information can be very critical in a multi-element system because the local envi-

ronment for atoms with different element types should be different. The chemical
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information can be included in Graph-EAM by adding layers encoding the chemi-
cal information of each atom, which will be very promising to further improve the
generalizability and accuracy of Graph-EAM. One open question with this idea is
how to represent the multi-element structure in a graph and what is the optimal

way to encode the chemical information into machine learning?

Addressing these questions will offer a chance for additional refinement.

. Embracing active learning:

Machine-learning models are better at interpolation than extrapolation. When
encountering unseen data points, machine-learning models might generate ab-
surd predictions. Therefore, it is important to establish efficient and effective

approaches for assessing the confidence level of model predictions.

One promising approach is to combine machine learning techniques with ab-initio
calculations in a hybrid mode. When the model generates a low-confidence predic-
tion, ab-initio calculations can be employed to generate the correct results. This
process, known as active learning, allows for the continuous refinement and im-
provement of the machine learning model by incorporating these newly ab-initio
calculated results into the training set. The active learning framework can ef-
fectively balance computational efficiency and accuracy, making it suitable for

large-scale industrial applications.

We anticipate that integrating active learning strategy can be integrated into the
development of Graph-EAM, making it more suitable for general atomistic simu-
lations.

. Including memory effect:

We have mentioned in Chapter [0] that the memory effect can be taken into con-

sideration to improve the model performance. Moving forward, we aim to evolve
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our current model architecture to one that is able to handle time series data.
This could involve the use of recurrent neural networks (RNNs) or long short-term
memory (LSTM) networks, which are particularly effective at capturing temporal

dynamics.
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Appendix A

Symmetrized basis functions and

Jacobians for Graph-EAM

— Section A.1
Jacobians of the node feature vector and the

edge feature vector

We only calculate the gradients of the node feature vector in this part since the node

feature vector is a summation of its neighboring edge feature vectors n; = ) jeN; €ij
1

A.1.1. Baseline model

The node feature of atom 7 is given by
n; =Y firy)exp(—Br). (A1)
J

where fy(r) is defined in Eq. . We denote g;; = fy(ri;) exp(—Br7;) under the

summation notation.
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The Jacobian with respect to atom j’s position is given by

9g; ) ri \2 [ 2 rig \| T
i a2 | _ T e (1 — 2 g T A2
a’l“j eXp( '8 rw> © Teut Teut * 6 " Teut T'ij 7 ( )

. . : e . Ogi 8gi.;
and the Jacobian with respect to atom ’s position is e = — =9t
i 3

A.1.2. Angular model

We will only show the calculation for node feature vectors of this type:

T angle = Z Z 9ij © gt cos™ 0. (A.3)
JENi kEN; k#]

All the other node feature constructions could be written as a linear combination of
them.

We apply the chain rule to find the gradients of the node feature vector,

a'nfi,angle agm m dcos™ eﬂk’
. = Z Z O © gir cos™ Ojir + gij © gsz (A.4)
! JEN; keNi k£ Y !

8ni,angle

e can be calculated by swapping 7 and k in Eq. [A.4. The gradients calculation

with respect to r; is given by

8'n'i,amgle o _8ni,angle _ a'n'i,angle

A.
8""1 arj 87% ( 5>
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Each individual term in the above equations is calculated explicitly as

09 ; 2 Tij T2 Tig \| T — T
) —Gr 1— i | 11— —— || — 7, (A.
a'r'j eXP( IBTU) © Tcut Teut * 6 i Tcut T'ij ( 6>

Tij - Tik

cos 0, = , (A7)
Tij - Tik
0 cos b T
Jik ik
5 = — oS Qﬂk 5, (A.8)
’T‘j Tij - Tik TZ]
0 cos ejik Tij

= — COS Qﬂk 2 . (A.9)
ory, Tij - Tik T

Section A.2

Atomic cluster basis and Legendre polynomials

To understand the node features used in graph-EAM, we consider the atomic cluster
expansion proposed in Ref. [T8] and use Gaussian functions to express the radial part

of the expansion

Ajim ({r1, . vn}) = ) exp (=Br5) Vi7" (7y) - (A.10)
JEN;

. Tij . . .
Here Y;™ is the spherical harmonics function, and 7;; = — is the direction vector. To
Tij
obtain higher order basis functions, (following the formulation in Ref. [7§]) we take

the product of the above first order basis functions,

Ai,lm ({7’1, e 77’]\[}) = H Ai,lama ({7”17 Ce ,T‘N}) . (Al].)

la,ma

To keep the rotational invariance, the basis functions constructed above need to

be symmetrized over SO(3) group, which can be done by the following integration,

Bi,lm ({Tl) . 7TN}> - / dg Ai,lm ({97"17 CRCIS 7ng}) . (A12)
geSO(3)
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The integration for the first order symmetrized basis function is given by

B; = Zexp Br” / dg Z D 9)Y," (74;)
geSO(3

JEN; m/=—1
- Z eXp /BT'L] YO (T’L]) (A].S)
JEN;
\/ Z exp BT”
]GN

The second order symmetrized basis function is given by

Biy= Y exp (=5 (rf +1%)) / dg Z Z D3 (9) D ()Y (Pig) Vi (Pit)
j,kENi ESO m/=—Il1 m''=—Is
l1

8 2 ! / A —m A
=Y e (B (E+r2) Y e (D)™ (7)Y ()

JkEN; — 20 +1
1
x 204+ 1 Z exXp <_B (T’?j + T?k)) Pll (COS szk)

JkEN;
(A.14)

The derivations in Eq. [A.13] and [A.14] used the following properties of spherical

harmonics, Legendre polynomials, and Wigner D-matrix.

l
)= D Diun(9)Y" (7), (A.15)
m/=—I
| dgDl(9) = oo, (A.16)
geSO(3)

872

) Dll Dl2” - —1 e mi,—m 5m’ —m”5 A17
/geSO<) 9 Donvn, (9) Dot (9) 211+1( ) 1mmaOm Oty 15, (ALLT)

l

47T m'~ m’ /o~ —m
P(cosbji) = Z 2l+1(_1) Y™ (7)Y,

m/=—I

/

(Tir) - (A.18)
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The first few orders of Legendre polynomials are:

Po(z) =1, (A.19)
Pi(z) =, (A.20)
Py(x) = %(3932 _). (A.21)
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Section A.3

Schrodinger equation and Hamilton’s equations

In this part, we show the relation between the Schrodinger equation and Hamilton’s
equations. For convenience, we want to write Hamilton’s equation into a compact
form in terms of complex variables. In classical mechanics, given a Hamiltonian H,

the dynamics of the system can be determined by Hamilton’s equation:

=g (A.22)

where ¢ and p are the canonical coordinates in phase space. By rewriting z = \/ii(q +

ip) and z* = %(q —ip), we can transform the derivatives into the following form:

0 0dg dop 1.0 0

5z~ 8g9: " op0: ~ V3o 'op) A2
ai* - (%55* + %gﬁ - \if((% + i%). (A.25)
Thus we can write Hamilton’s equations in a tighter form,
e gi | (A.26)
Now let’s look at the Schrodinger’s equation:
d -
i |W(t)) = H|U(t)). (A.27)
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Given the basis states |k) ;& = 0,1, ..., the wave function can be expanded as

() = 3 enlt) k) (A.28)

Thus, we obtain the matrix differential equation in terms of the coefficients vector,

c(t) = [a(t), - e

i¢ = He, (A.29)

where H is the matrix representation of the Hamiltonian H with its entries being
Hij = (i|H13).
By defining H(c) = (U(¢)|H|¥(t)) = ¢" He[IT7], the Schrédinger’s equation can

be transformed as,
0H(c)
oct ’

1 =

(A.30)

which is consistent with the classical Hamilton’s equation.

Section A.4

Kohn-Sham equations and Hamilton’s equations

We prove Hamilton’s equations in Kohn-Sham system in this part. The Kohn-Sham

equations are given by,

9 60 = Hicsfn(0)] [om(0)),m = 1,2, (A31)

where N is the number of electrons, and n(t) = SN _ |, ()[%.
In Section [6.2.2, we have shown the Kohn-Sham equation can be written as a

differential equation in terms of the vector coefficients ¢,,, given the basis functions

{si(r) = (rli)}:
i¢y, = Hgslclen, (A.32)
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where the matrix element at i-th row j-th column is given by:

~ ~ A ~

(Hgslel)ij = GlT[n(@)] + Vi [n ()] + Veu[n(t)] + Vee[n()]]7) - (A.33)

To bridge Kohn-Sham equations and Hamilton’s equation, we need to find an
energy functional Hgg[c], such that M#i[c] = Hgslclen.

Under the adiabatic approximation, the energy functional corresponding to the
system is Hys[n] = Ts[n|+Eeu[n]+En[n]+Ey[n], where n(e;r) = 3, - ¢ncimsi (1) s;(7)
is the electron density mentioned in the main text.

Therefore, the four terms in the energy functional expansion can be calculated

below:

(a) Kinetic energy:

Ln] =22, Z” <Z|Ts’]> CjmCim (A.34)
Gk = 37, GITL5) ¢m (A.35)
(b) External energy:
Eezt[n] = Zm Zi,j <Z"A/ext|]> ijcjm <A36)
2eatol — 5 (i) Vel ) (A.37)

(c) Hartree energy:

oct

im

_ f dr f dy! SEnn] S(r— 1) on(c;r)

on(c;r’) acy,,

= Zj [dr vg(r)cjmsi(r)s;(r) = Zj <2|VH\3> Cim (A.38)
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(d) Exchange-correlation energy:

OFE,.[n]
oct

m

_ fd'l”fd’l"/ 5Ezc[n ’l" i T/)(9n(c;r)

=
on(c;r’ ac;,,

= 305 [ A7 velr)ejunsi (r)si(r) = 32, (il Vacli) ejm - (A.39)

Putting together the three terms, we have

aHKs(C)

der = Hgslcle, = ié,, (A.40)

This concludes the proof of Eq. [6.10}

We can take a further step to show Eq. [6.16 gchaSan) (|T,|5) = (i|Vislj)-

me

— Section A.5
Machine-learned potential scaling with number

of eigenstates in the dataset

We show that having more eigenstates included in the dataset results in more accurate
machine-learned Kohn-Sham potential. We examined this by training the neural
network on three different datasets. Each of the datasets includes 5, 10, and 15
eigenstates. The results are shown in Fig. [A.1] The three machine-learned Kohn-
Sham potentials in the three figures share a similar trend. All of them capture
the general feature of the actual Kohn-Sham potential and show deviations on the
boundary of the system. The gap between the machine-learned potential and the

exact potential on the boundary closes when more eigenstates are included.
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Figure A.1: Including more eigenstates in the training set increases the accuracy of the
machine-learned potential. From left to right: (a) 5 eigenstates in the training set, (b) 5
eigenstates in the training set, (c) 5 eigenstates in the training set
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